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Abstract
The focus of this thesis is a study of the extension properties of local analytic
conjugacies between simple parabolic fixed points. Any given conjugacy χ itself will
generally not have an extension to the immediate basin. However, we show that
if both maps belong to a suitable class (which includes polynomial-like maps and
rational maps with a simply connected parabolic basin) then for all n large enough
g◦n ◦ χ does have an analytic extension to the immediate parabolic basin.
We begin by by studying qualitative models for the dynamics near a parabolic
fixed point, leading us to the Parabolic Flower Theorem. We then construct Fatou
coordinates, which conjugate f to the unit translation, and study extension and
properties of these maps. By restricting ourselves to the case when the restriction
of f to its parabolic basin is a proper map with finitely many critical points we
are able to study covering properties of these extended Fatou coordinates. We also
introduce the horn map and lifted horn maps and show that the former is a complete
invariant of the local analytic conjugacy class.
Working from the covering properties of the horn map, we develop an in-
tuition for how critical orbits of two maps f and g with locally conjugate simple
parabolic fixed points should be related. In our main theorem, Theorem 3.1.10,
we show that if both maps have a proper parabolic basin and χ is a local analytic
conjugacy from (f, z0) to (g, w0) then for all n large enough, the map g◦n ◦ χ has
an analytic extension along any curve starting in a region near z0 contained in the
basin of z0. Under the additional assumption that the immediate basin is simply
connected we can then conclude that the map χn := g◦n◦χ has an analytic extension
to a semi-conjugacy between the immediate basins whenever n is large enough.
v
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Chapter 1
Introduction
1.1 Motivation of this Study
In mathematics, a dynamical system is a system with a notion of ‘time’. We are
concerned with those systems which arise from repeatedly applying a holomorphic
map to a 1-complex manifold, typically the plane C, the cylinder C∗ or the Riemann
sphere Cˆ.
The simplest possible behaviour that can arise is that of fixed points, x0 ∈ D(f)
such that f(x0) = x0. Rather than attempting to understand the whole global dyn-
amics, we might instead ask whether we can understand the dynamics near a fixed
point. That is, given a neighbourhood U ∋ x0, can we describe the behaviour of
f |U?
We consider the behaviour of f near a fixed point x0 and g near a fixed point
y0 to be ‘the same’ if there exists a local analytic conjugacy from (f, x0) to (g, y0).
That is, if there exist neighbourhoods U ∋ x0, V ∋ y0 and a biholomorphic map
χ : U → V such that χ ◦ f = g ◦ χ wherever both sides are defined.
The study of such local behaviour has been ongoing for more than a century
and in several cases the local analytic conjugacy class of (f, x0) is well-understood. It
is determined by the multiplier of the fixed point λ = f ′(x0), which is well-defined
on an arbitrary 1-complex manifold by the chain rule. By Kœnigs’ Linearisation
Theorem [10], if |λ| ̸= 0, 1 then f is linearisable at x0. That is, there exists a local
analytic conjugacy from (f, x0) to (z 7→ λz, 0). This conjugacy is unique up to
multiplication by a non-zero constant. If λ = 0 then f has local degree d > 1 at
x0. In this case, by Böttcher’s Theorem there exists a local analytic conjugacy from
(f, x0) to (z 7→ zd, 0) and this conjugacy is unique up to multiplication by a d− 1st
root of unity.
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As a corollary to these two theorems, we see that if x0 is a fixed point of
f and y0 is a fixed point of g such that f ′(x0) = g′(y0) = λ, degx0(f) = degy0(g)
and |λ| ̸= 1 then there exists a local analytic conjugacy χ from (f, x0) to (g, y0). A
question one might then ask is how far the conjugacy χ can be analytically extended
in D(f). Such an extension would be given by the functional equation χ ◦ f = g ◦χ,
which we can intuit as rearranging into either χ = g−1 ◦ χ ◦ f if |λ| < 1 (implying
that the fixed point is attracting) or χ = g ◦ χ ◦ f−1 if |λ| > 1 (implying that the
fixed point is repelling). Therefore such an extension will be obstructed by singular
values of either g or f respectively.
In the case of λ ̸= 0, we consider the quotient tori U∗/f =: Tf and V ∗/g =: Tg.
The singular values of f leave impressions Sˆ(f)+ and Sˆ(f)− of their forward and
backward orbits under f on Tf . A necessary condition for χ to extend to a semi-
conjugacy from f |U ′ to g|V ′ is that the induced isomorphism χˆ : Tf → Tg satisfies
χˆ(Sˆ(f)+) ⊇ Sˆ(g)+, if |λ| < 1, or χˆ(Sˆ(f)−) ⊆ Sˆ(g)− if |λ| > 1.
Since there is only one complex dimension of isomorphisms from Tf to Tg,
in general the former condition cannot be satisfied when g has at least two singular
values or when f has fewer singular values than g, and the latter when f has at
least two singular values or when g has fewer singular values than f . On the other
hand, we see we can always extend when 0 < |λ| < 1 and g has no singular values
or when |λ| > 1 and f has no singular values.
In the case of λ = 0 we no longer have a reasonable quotient space to consider.
However the general consideration that a singular orbit under g must be the image of
a singular orbit under f by any semiconjugacy. In particular, this applies to points in
the forward orbit that lie in V and U . Since there are d−1 local conjugacies between
(f, x0) and (g, y0), in general none of them will satisfy this requirement on singular
orbits. Again, the exception is in the case when g has no singular values other than
y0, in which case any local conjugacy will extend to a basin semiconjugacy.
In this thesis, we focus on the case when λ is a root of unity, or more speci-
fically when λ = 1. We also restrict ourselves to the simple parabolic case, so that
(f, x0) has the local expansion z + az2 + o(z2). At first glance, one might expect
any attempt at extending a conjugacy from (f, x0) to (g, y0) to be obstructed by
singular values of g in a similar manner to the cases when |λ| < 1.
Whereas in the case of |λ| ̸= 0, 1 we could take the quotient U/f in a neig-
hbourhood of the fixed point to obtain a torus, in the case of a simple parabolic
fixed point we obtain two quotient cylinders, C±,f , by quotienting two different over-
lapping regions adjacent to the fixed point. The cylinder C+,f is the quotient of the
attracting petal, a region on which f is injective and all orbits are attracted to the
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fixed point in forward time, and the cylinder C−,f is the quotient of the repelling
petal, an attracting petal of f−1.
The horn map, or Écalle-Voronin Invariants, are maps from a domain on the
repelling cylinder to the attracting cylinder which record how the domains of the
two quotient maps overlap [18]. Alternatively, the horn map can be considered to
be the quotient of the return map by f ; points near the parabolic point but on the
repelling side are pushed away by the dynamics and some will eventually return to
the attracting side.
The horn map is a complete invariant of the local analytic conjugacy class.
In particular and in contrast to the case when |λ| ̸= 1, this means that the critical
orbits contained in the basins of locally conjugate maps must be related. In this
thesis we shall show that under suitable restrictions on the maps f and g, if (f, x0)
and (g, y0) are locally conjugate simple parabolic fixed points then there exists a
semiconjugacy between f |A0f and g|A0g . Here A
0
f denotes the immediate parabolic
basin of x0, the connected component of Af which contains the attracting petal.
1.2 Structure of this Thesis
This thesis is structured as follows. In chapter 2 we develop the ideas that we shall
use in stating and proving the results in chapter 3. In the first section of chapter 2,
we give a more precise general discussion of the dynamics near a parabolic fixed point
of a map f . We begin by introducing the notion of attracting and repelling vectors
of a parabolic fixed point, which give a qualitative picture of the dynamics. We then
give the Parabolic Flower Theorem, which more precisely describes regions, referred
to as petals P±,j , such that the corresponding vector v±,j indicates the dynamics of
f |P±,j .
The middle of this section is dedicated to the construction of Fatou coordi-
nates. Fatou coordinates are a collection of injective maps, Φ˜±,j from the petals
to open subsets of C which satisfy Φ˜±,j ◦ f = T1 ◦ Φ˜±,j , where T1 : z 7→ z + 1 is
the unit translation. We first consider a map F , defined on a suitable subset of C,
which satisfies |F (w)− (w+1)| < 14 and |F ′(w)− 1| < 14 , and show that in this case
there does exist a map Φ which satisfies Φ(F (w)) = Φ(w) + 1. From here, we can
consider inversions of each petal in order to obtain a Fatou coordinate on each one.
We conclude the section with the Cylinder Theorem, which makes precise the above
description of the quotient spaces P±/f , and also study the covering properties of
the attracting and inverse repelling Fatou coordinates. The latter results will prove
useful in both the study of horn maps and in the proof of the main theorem in
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chapter 3.
In the latter section of chapter 2 first discuss lifted horn maps, which are the
composition of extended inverse Fatou coordinates and extended attracting Fatou
coordinates. In this discussion and for the rest of the main body of the thesis we
restrict ourselves to the case of a simple parabolic fixed point, one of multiplier 1
and parabolic multiplicity 1. We discuss the relation between a lifted horn map
of f and the dynamics on the basin, showing how covering properties of the Fatou
coordinates relate the singular value of f and a lifted horn map.
We conclude the chapter by discussing the horn map, otherwise know as
Écalle-Voronin Invariants. We show that the first return map from P− to P+
descends to a well-defined holomorphic map defined from a neighbourhood of the
ends of the repelling cylinder C− to C+ and how this definition relates to the notation
of the lifted horn map. We conclude this chapter by showing that if the attracting
basin A is compactly contained in D(f) then the horn map is a finite-type map.
As noted, in chapter 3 we use the ideas we developed in chapter 2 to state
and prove our main result. We begin the first section with a brief discussion of the
notion of analytic continuation along a curve and the Monodromy Theorem. We
also give a curve lifting lemma for holomorphic functions which we can apply to the
extended inverse Fatou coordinates.
In subsection 3.1.2, we show that given a local analytic conjugacy χ between
two parabolic germs of appropriate maps (f, 0) and (g, 0) we can find an N such
that for all n > N , χn := g◦n ◦ χ can be analytically continued along an arbitrary
curve contained in the immediate parabolic basin. We can then apply the Mo-
nodromy Theorem to conclude that χn extends to the whole basin as an analytic
semi-conjugacy from f to g.
We conclude the subsection with a simple application, showing that if the
attracting parabolic basins of both f and g are simply connected and proper then
there exists a pair of proper mutual semi-conjugacies between f |A0,f and g|A0,g .
From this we can conclude that the degrees of the two maps restricted to their
immediate basins are equal.
In the second section of this chapter we discuss conjectures on how our previ-
ous arguments might be extended with further research. We consider how we might
extend the domain of the semi-conjugacy to a global relation, how we might be able
to describe exactly when a locally conjugate pair fail to be globally conjugate, how
we might be able to extend to the case of multiply connected basins and finally how
we might be able to extend to broader classes of maps with non-critical singular
values.
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Finally, in the appendix we give an example application of the generality
of our construction of Fatou coordinates and the relationship of the horn map to
the dynamics of a map by giving a translation of Lavaurs’ proof that the cubic con-
nectedness locus is not locally connected. Our choice of approach to constructing the
Fatou coordinates in chapter 2 allows us to begin discussing the theory of parabolic
implosion by constructing pseudo-Fatou coordinates for suitable perturbations of a
map with a simple parabolic fixed point. We can then relate the dynamics of the
perturbation to an enriched dynamical system consisting of the original parabolic
map and a Lavaurs map.
By making a careful choice of the initial parabolic parameter in the cubic
connectedness locus and of suitable perturbations we show that the cubic connected-
ness locus contains a ‘comb’ structure; a sequence of connected subsets accumulates
at the parabolic parameter, each one separated from the rest by a hypercylinder of
parameters with disconnected Julia sets.
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Chapter 2
Preliminaries
In this chapter our aim is to discuss well-known properties of the dynamics near
parabolic fixed points. This groundwork will allow us to understand the ideas and
techniques we make use of in Chapter 3.
We begin by discussing the qualitative dynamics near a general parabolic
fixed point. Following Milnor [15] we introduce the concepts of attracting and
repelling petals and the Parabolic Flower Theorem, which describes how the petals
are arranged around the parabolic point.
The second section focuses on the construction of Fatou coordinates following
the methods in Shishikura [17]. These are univalent maps defined on the petals which
conjugate f to the unit translation. We then use the Fatou coordinates to prove the
Cylinder Theorem, which describes the quotient spaces P±,j/f .
In the final section we restrict to the case of simple parabolic fixed points to
discuss covering properties of Fatou coordinates and horn maps; the map defined
between domains on the cylinders induced by the return map from the repelling
petal to the attracting petal. It will be of particular importance for Chapter 3 for
us to understand the relation between critical points of the map f and critical values
of the attracting and inverse repelling Fatou coordinates.
2.1 Parabolic Fixed Points
Consider a holomorphic function f defined from a domain D(f) ⊆ Cˆ to Cˆ. A point
z0 ∈ D(f) is called a parabolic fixed point of f if f(z0) = z0 and the multiplier of f
at z0 is a root of unity. For ease of notation we shall generally assume that z0 = 0,
so that f has the Taylor expansion
f(z) = e2piip/qz + a2z
2 + . . . .
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2.1.1 Attraction and Repulsion Vectors
We begin by assuming that q = 1. In this case we can conjugate f on a neighbour-
hood of 0 to a map with the expansion
f(z) = z + azν+1 + bz2ν+1 + o(z2ν+1)
as z → 0, where a ̸= 0. We shall therefore assume without loss of generality that
f has such an expansion. We call ν the parabolic multiplicity of the parabolic fixed
point 0. Then we will show that the dynamics of f near 0 are approximated by
the dynamics of the map Pν : z 7→ z + azν+1, which can be understood in terms of
attraction and repulsion vectors.
Definition 2.1.1 (See Figure 2.1). Let f be a holomorphic function with a parabolic
fixed point of multiplier 1 and parabolic multiplicity ν at 0.
A complex number v is called a repulsion vector if νavν = +1 and an at-
traction vector if νavν = −1.
We shall label the repulsion vectors v−,j and the attraction vectors v+,j ,
where v−,0 is repelling, v+,0 = epii/νv−,0 and
v±,j = e
2piij/νv±,0.
Before proceeding, let us consider the dynamics of our model map Pν . If r > 0
then Pν maps rv±,j to (r ∓ r
ν+1
ν )v±,j . If r is small enough then 0 < r − r
ν+1
ν < r,
whence P ◦kν (rv+,j)→ 0 as k → +∞. On the other hand, r + r
ν+1
ν > r for all r > 0
and so P ◦kν (rv−,j)→∞ as k → +∞. Further, P−1ν (z) = z − azν+1 + o(zν+1). Thus
if r is small enough then P ◦−kν (rv−,j)→ 0 as k → +∞.
The aim of this subsection is to show that the dynamics of Pν are present near
any parabolic fixed point; points are attracted towards 0 from the directions v+,j
in forward time and are attracted towards 0 in backward time from the directions
v−,j . We begin by showing the suitable inversions conjugate f to maps F±,j which
are close to unit translations.
Lemma 2.1.2.
Let φ be the map φ : z 7→ −1νazν , defined on a neighbourhood of 0, and let ∆±,j be the
sectors
∆±,j =
{
reiθv±,j
∣∣∣ r > 0 and |θ| < pi
ν
}
.
Then φ|∆±,j maps biholomorphically into the slit plane C\R∓, where R+ = [0,+∞)
and R− = (−∞, 0].
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Let ψ±,j : C \ R∓ → ∆±,j be the inverse to φ|∆±,j and let
F±,j := φ ◦ f ◦ ψ±,j : φ(∆±,j ∩ D(f))→ C.
Then
F±,j(w) = w + 1 +
C
w
+O
(
1
w ν
√|w|
)
as |w| → ∞
for some constant C ∈ C, and
F ′±,j(w) = 1 +O
(
1
w2
)
as |w| → ∞
within the sector U± = {w | ±ℜ(w) > −|ℑ(w)|}.
Proof. By assumption, f has the expansion
f(z) = z + azν+1 + bz2ν+1 +O(z2ν+2) as z → 0.
Then
f ◦ ψ±,j(w) = ν
√
−1
νaw
(
1− 1
νw
+
b/a2
(νw)2
+O
(
1
w
2ν+1
ν
))
as |w| → ∞.
Composing with φ : z 7→ −1νazν we see that
F±,j(w) =w
(
1− 1
νw
+
b/a2
(νw)2
+O
(
1
w
2ν+1
ν
))−ν
=w
(
1 +
1
w
+
C
w2
+O
(
1
w
2ν+1
ν
))
.
Thus we have that
F±,j(w) = w + 1 +
C
w
+O
(
1
w ν
√|w|
)
as |w| → ∞.
For the derivative estimate, consider the function G : w 7→ F±,j(w)− w − 1.
Notice that for all w ∈ U±, D|w|/2(w) ⊂ (C \ R∓). For all large w ∈ U± and some
C ′ > C, |F±,j(w) − (w + 1)| ≤ C|w| . Hence G maps the disc D|w|/2(w) into the disc
D2C′/3|w|(0).
By the Cauchy Derivative Estimate, |G′(w)| ≤ 2C′/3|w||w|/2 = D|w|2 . Hence
F ′±,j(w) = 1 +O( 1w2 ) as claimed.
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In order to complete our picture of dynamics near a parabolic point, we wish
to exclude the case when an orbit (zk), where f(zk) = zk+1, lands directly on the
fixed point 0. To this end, we say that an orbit (zk) converges to 0 nontrivially if
zk → 0 as k → +∞ but zk ̸= 0 for all k. The following lemma then tells us that
such an orbit behaves like v+,j/ ν
√
k as k → +∞.
Lemma 2.1.3.
Suppose the orbit zk converges to 0 nontrivially under f .
Then there exists j ∈ Z/νZ such that zk is asymptotic to v+,j/ ν
√
k as
k → +∞.
That is, limk→+∞
(
zk
ν
√
k
)
exists and is equal to v+,j for some j.
Any v+,j can occur as such a limit.
Since f ′(0) = 1 ̸= 0, f is injective in a neighbourhood of 0. Thus f−1 is
well-defined on a neighbourhood of 0. Since
f−1(z) = z − azν+1 + o(zν+1) as z → 0
we see that v is an attraction (resp. repulsion) vector for f if an only if it is a
repulsion (resp. attraction) vector for f−1.
Thus this lemma also tells us that if . . . 7→ z−2 7→ z−1 is a backward orbit
under f converging nontrivially to 0, so zk → 0 as k → −∞, then limk→−∞
(
zk
ν
√−k)
is equal to one of the repulsion vectors v−,j .
Proof. Let F+,j be as in lemma 2.1.2.
Then we can choose R > 0 such that F+,j is defined for all |w| > R, w /∈ R−,
and
|F+,j(w)− (w + 1)| < 1/2.
In particular, we see that
ℜ(F+,j(w)) > ℜ(w) + 1/2
whenever |w| > R and so
ℜ(φ(f(z))) > ℜ(φ(z)) + 1/2
whenever |z| is sufficiently small.
Let HR be the right half-plane HR = {w ∈ C | ℜ(w) > R} and let P+,j be
the image ψ+,j(HR), so P+,j = {z ∈ ∆+,j | ℜ(φ(z)) > R}. Then f(P+,j) ⊂ P+,j and
the iterates of f restricted to P+,j converge uniformly to the constant map z 7→ 0.
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Now, suppose that (zk) is an orbit under f converging nontrivially to 0. Then
for all k large enough, ℜ(φ(zk+1)) > ℜ(φ(zk))+1/2. In particular, there exists some
m such that ℜ(φ(zm)) > R. Thus zm ∈ P+,j for some j and so zk ∈ P+,j for all
k ≥ m.
Now consider the sequence (wk) = (φ(zk)). By lemma 2.1.2, wk+1 −wk → 1
as k →∞. Therefore the average
wk − w0
k
=
1
k
k∑
j=0
(wj+1 − wj)
also converges to 1 as k →∞ and so wk/k → 1 as k →∞.
Since 1/wk = −νazνk it follows that −kνazνk → 1. As νavν+,j = −1, we see
that
kzνk
vν+,j
→ 1.
Taking roots, noting that this is well-defined since we are within ∆+,j , yields the
result. Any v+,j can occur since P+,j = ψ+,j(HR) is non-empty for all j.
It is of some interest to note that this lemma shows us that the dynamics
near a parabolic fixed point are very ‘slow’ in comparison to attracting and superat-
tracting fixed points. We can quantify this in the following sense: given a point z
which is nontrivially attracted towards 0, we define the function kz : R>0 → Z≥0 by
letting kz(r) be the least k such that f◦k(z) lies in the disc of radius 1/r. Then how
kz varies as r → +∞ indicates the speed at which z is attracted towards 0. Here
and for the remainder of this thesis the notation f◦k refers to the k-fold iterate of
f , f◦k = f ◦ f ◦ . . . ◦ f k times.
For attracting fixed points, which have expansions z 7→ λz + o(z) for some
0 < |λ| < 1, the approach speeds kz are O(log r), whilst for superattracting fixed
points, which have expansions z 7→ zd + o(zd) with d > 1, the approach speeds are
O(log log r).
By contrast, the above lemma shows that for parabolic fixed points the ap-
proach speeds are O(rν). This extreme slowness can present a difficulty in any sort
of computation or rendering relating to a parabolic fixed point as it takes vastly
more iterates to determine, for example, whether a point lies in the parabolic basin
or not.
This lemma also allows us to begin talking about parabolic fixed points with
multiplier e2piip/q ̸= 1. Notice that if f has such a parabolic fixed point at 0 then f◦q
has a fixed point of multiplier
(
e2piip/q
)q
= 1 at 0. Thus we can apply our previous
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definitions and results to the q-th iterate.
Lemma 2.1.4.
Suppose that the multiplier λ of f is a qth root of unity.
The number of attraction vectors of f◦q is a multiple of q.
Proof. Suppose v is an attraction vector of f◦q and that z1 7→ zq+1 7→ z2q+1 7→ . . . is
an orbit under f◦q which converges nontrivially to 0 from the direction of v. Then
the image z2 7→ zq+2 7→ . . . is also an orbit under f◦q which converges nontrivially
to 0 from the direction of λv. Thus multiplication by λ = e2piip/q permutes the
attraction vectors and so the number of attraction vectors must be a multiple of
q.
We can therefore define the parabolic multiplicity of a general parabolic
fixed point. Suppose that f is a holomorphic map with a parabolic fixed point of
multiplier e2piip/q at 0. Then f◦q is a holomorphic map with a parabolic fixed point
of multiplier 1 and parabolic multiplicity m at 0. By lemma 2.1.4, q|m and so we
can define the parabolic multiplicity of the fixed point 0 of f to be m/q = ν. We
define the attraction and repulsion vectors of f to be the attraction and repulsion
vectors of f◦q respectively.
In this way we can transfer discussion of parabolic points with multiplier
e2piip/q to the case of those with multiplier 1. Within the context of this thesis this
will be a simplifying assumption, but there are contexts in which the symmetry of
f◦q being a q-th iterate is important and this information is lost by assuming that
q = 1.
2.1.2 The Parabolic Flower Theorem
Now that we understand how an orbit can approach a parabolic fixed point it be-
comes natural to ask about regions on which the dynamics follow the attraction or
repulsion vectors. In the case of the attraction vectors, we could attempt to define
the parabolic basins
Aj = {z ∈ D(f) | f◦k(z)→ 0 nontrivially from the direction of v+,j as k → +∞}.
However this approach has no counterpart for the repulsion vectors. Moreover the
domain D(f) will generally not be large enough for the basins to behave as one
might expect. Later in this chapter we will discuss additional constraints on f so
that, for example, the restriction to the immediate basin is surjective. However we
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currently allow arbitrary holomorphic maps f and instead look for alternatives to
the basins.
The standard approach is to consider petals. These are domains on which
f is injective with 0 in their boundary, such that any orbit which enters a petal
is attracted towards 0 in either forward or backward time. The exact definition
of a petal varies between authors, with our definition here following Milnor [15,
Definition 10.6, p. 111]. This definition is quite broad, allowing for relatively wild
sets to be petals. The sets P±,j from the proof of lemma 2.1.3 are petals.
Definition 2.1.5. Let f be a holomorphic map defined on a neighbourhood of 0,
fixing 0 with multiplier e2piip/q and let v be an attraction vector of f at 0. An open
set P ⊂ D(f) will be called an attracting petal of f for the vector v if
i f◦q is injective on P,
ii f◦q(P) ⊂ P and
iii an orbit (zk) is eventually contained in P if and only if it converges to 0 from
the direction v under f◦q.
An open set P will be call a repelling petal of f for the repulsion vector v if it
is an attracting petal of f−1 for v. Note the f−1 is defined on some neighbourhood
of 0.
The main result of this subsection describes how the petals are arranged
around the parabolic fixed point. We see that each attraction and repulsion vector
can be associated with a unique petal and that we may choose the petals so that
either each petal overlaps with its neighbours or so that the petals are pairwise
disjoint. We refer to these cases as fat petals and thin petals respectively.
We obtain the fat petals by taking the image of sets ±W under the maps
ψ±,j defined in lemma 2.1.2, where W = {x+ iy | x+ |y| > 2R} and R is sufficiently
large as to ensure that these are petals. Thin petals are then obtained by removing
the closure of the intersection with adjacent petals.
Theorem 2.1.6 (Parabolic Flower Theorem).
Let f be a holomorphic map defined on a neighbourhood of 0, fixing 0 with multiplier
λ = e2piip/q and parabolic multiplicity ν.
Then within any neighbourhood U of 0 there exist m = νq attracting petals,
{P+,j}, and m repelling petals, {P−,j}, such that for each j ∈ Z/mZ and s ∈ {±},
Ps,j is a petal of f for the vector vs,j.
Further, these petals can be chosen so that exactly one of the following holds:
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• {0} ∪ ⋃j(P+,j ∪ P−,j) is a neighbourhood of 0. If m > 1 then P+,j ∩ P−,j
and P+,j ∩ P−,j+1 are connected and simply connected, whilst if m = 1 then
P+,0 ∩P−,0 has two connected components, each of which is simply connected.
All other intersections are empty in both cases.
• The Ps,j’s are pairwise disjoint.
v−,0
P−,0
v+,0
P+,0
v−,1
P−,1
v+,1
P+,1
v−,2
P−,2
v+,2
P+,2
Figure 2.1: A diagram showing the relative positions of fat petals and vectors in the
case m = 3. The attracting petals are bounded by dashed lines and the repelling
petals by dotted lines. The arrows on the vectors v±,j indicate the direction along
which points move under f .
Proof. By passing to the qth iterate, we can assume that λ = 1 and so m = ν.
First, by lemma 2.1.2, we can choose R > 0 so that
|Fs,j(w)− (w + 1)| < 1/2 for all |w| > R , s ∈ {±} and j ∈ {0, . . . , ν − 1}.
Then for all |w| > R it follows that ℜ(Fs,j(w)) > ℜ(w) + 1/2 and also that
|ℑ(Fs,j(w)−w)| < ℜ(Fs,j(w)−w), where the second inequality estimates the slope
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of the line from w to Fs,j(w) and comes from noting that
|Fs,j(w)− (w + 1)| = |(Fs,j(w)− w)− 1| < 1/2.
Let W = {z = x + iy | x, y ∈ R and x + |y| > 2R}, so that W ⊃ H2R and
|w| > R for all w ∈ W . We can also choose R, hence W , so that ψs,j(W ) ⊂ U for
all s ∈ {±} and all j. Suppose w ∈W . Then
R < ℜ(w) + |ℑ(w)| = (ℜ(F+,j(w))−ℜ(F+,j(w)) + ℜ(w))
+ |ℑ(F+,j(w))−ℑ(F+,j(w)) + ℑ(w)|
≤ (ℜ(F+,j(w)) + |ℑ(F+,j(w))|)
+ (|ℑ(w)−ℑ(F+,j(w))| − (ℜ(F+,j(w))−ℜ(w)))
< ℜ(F+,j(w)) + |ℑ(F+,j(w))|
and so F+,j(W ) ⊂W . Further, every forward orbit under F+,j must eventually enter
H2R. By the proof of lemma 2.1.3, ψ+,j(H2R) is an attracting petal for v+,j . Thus,
since every orbit under f which enters ψ+,j(W ) enters ψ+,j(H2R), P+,j = ψ+,j(W )
is also an attracting petal for v+,j .
Similarly, let −W = {w| − w ∈ W}. Then F−1−,j(−W ) ⊂ −W and so
P−,j = ψ−,j(−W ) is a repelling petal of f in the direction v−,j .
Observe that Ps,j ⊂ ∆s,j , so the only intersections which might be non-empty
are P+,j ∩ P−,j and P+,j ∩ P−,j+1. From the definitions of φ and P±,j we see that
φ(P+,j ∩ P−,j) ⊂W ∩ −W , and W ∩ −W = {u+ iv | u− |v| > 2R} consists of two
disjoint v-shaped connected components. We shall call these components V+ and
V− according to whether ℑ(w) is positive or negative respectively.
Moreover, φ(∆+,j ∩ ∆−,j), respectively φ(∆+,j ∩ ∆−,j+1), is the lower, re-
spectively upper, half-plane. Thus φ(P+,j ∩P−,j) ⊆ V− and φ(P+,j ∩P−,j+1) ⊆ V+.
But ψj,+(V−) ⊆ P+,j ∩ P−,j and ψj,+(V+) ⊆ P+,j ∩ P−,j+1.
Hence P+,j ∩ P−,j = ψj,+(V−) and P+,j ∩ P−,j+1 = ψj,+(V+). Since ψj,+ is
a homeomorphism onto its image and V± are connected and simply connected the
first part of the result follows.
To obtain pairwise disjoint petals, simply let P ′+,j = P+,j \ (P−,j ∪ P−,j+1)
and P ′−,j = P−,j \ (P+,j ∪ P+,j−1). By taking the slightly more precise estimate on
the slope of the line from w to Fs,j(w),
|ℑ(Fs,j(w)− w)| <
√
3
3
ℜ(Fs,j(w)− w),
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we see that every orbit under Fs,j which enters V± must leave it in both forward
and backward time. Thus z ∈ P±,j if and only if f◦±m(z) ∈ P ′±,j for large enough
m and so these sets are also petals.
2.1.3 Generalised Fatou Coordinates
In order to give a quantitative description of the dynamics we make use of Fatou
coordinates, which conjugate f |P±,j to the unit translation T1 : w 7→ w+1. Following
Shishikura [17], we first consider the case of a map F which is close to the unit
translation.
We first construct a quasiconformal conjugacy φ from T1 to F . We pull back
the standard complex structure on F to T1. We spread this almost-complex structure
to all of C by taking pullbacks under Tn : w 7→ w+n for all n ∈ Z. By applying the
Measurable Riemann Mapping Theorem to the resultant almost-complex structure
and composing with φ we obtain our desired conjugacy.
Taking this approach, rather than the more direct limit construction in Mil-
nor [15], yields two major advantages. Firstly, should we wish to consider a family
of maps Fλ which vary with some given regularity with λ, then the Ahlfors-Bers
Theorem, otherwise know as the Measurable Riemann Mapping Theorem with De-
pendence on Parameters, tells us that the resulting conjugacies can be chosen to
also depend on λ with the same regularity.
Secondly, the class of maps F to which this argument can be applied is larger
than simply maps of the form F±,j from above. In particular, we can construct
pseudo-Fatou coordinates for suitable perturbations of a map with a parabolic fixed
point. This is a key part of the rich theory of parabolic implosion. We present an
example application, making use of both of these properties, in the appendix.
We begin this discussion with a brief review of the theory of quasiconformal
maps. As we will only be making use of this theory in a single application, we
constrain ourselves to only what is essential. A more comprehensive discussion can
be found in Ahlfors [2].
Let us first consider a continuous function f : U → C defined on a domain
U ⊆ C. Considering C as an R-vector space, we can identify C with R2 via the
isomorphism x + iy 7→ (x, y). We say that f is R-differentiable at a point if it
is differentiable as a function f : U ⊂ R2 → C. Likewise, we define the partial
derivatives fx and fy of f to be those of f : U ⊂ R2 → C, if they exist.
Definition 2.1.7. Let I ⊆ R be an interval and g : I → C be a continuous function.
We say that g is absolutely continuous on I if, for every ϵ > 0 there exists
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δ > 0 such that for every finite sequence of non-intersecting intervals (aj , bj) with
total length ∑j |bj − aj | < δ, the sum ∑j |f(bj)− f(aj)| < ϵ.
Let U ⊆ C be a domain and let f : U → C be a continuous function.
We say that f is absolutely continuous on lines if for any disc D compactly
contained in U and any family of parallel lines in D, f is absolutely continuous on
almost all of them.
Observe that if g is absolutely continuous on an interval I then g has boun-
ded variation and so is differentiable almost everywhere. It thus follows that if f
is absolutely continuous on lines then the partial derivatives fx and fy exist al-
most everywhere. By the following theorem, it follows that if f is an open map
then f is R-differentiable almost everywhere. In particular, this holds when f is a
homeomorphism.
Theorem 2.1.8.
Let f : U → V be a continuous open map between domains in C.
If the partial derivatives fx and fy exist almost everywhere then f is R-
differentiable almost everywhere.
In the discussion of quasiconformal maps, rather than working with the tradi-
tional partial derivatives fx and fy, it is standard to instead work with the derivatives
∂zf and ∂zf , where
∂zf =
1
2
(fx − ify) and ∂zf = 1
2
(fx + ify) .
We are now able to give a definition of a map f being K-quasiconformal.
There are many equivalent definitions, which vary in nature from being primarily
analytic to being primarily geometric. Our chosen presentation has the advantage
of requiring comparatively few supporting ideas.
Definition 2.1.9. Let U, V ⊆ C be domains and let K ∈ R with K ≥ 1.
We say that a map φ : U → V is K-quasiconformal if and only if
i φ is a homeomorphism,
ii φ is absolutely continuous on lines, and
iii |∂zφ| ≤ k|∂zφ|, where k := K−1K+1 .
Notice that if φ is conformal then ∂zφ ≡ 0 and so φ is 1-quasiconformal.
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We can extend the notion of quasiconformal maps to maps between arbitrary
Riemann surfaces by saying that φ : X → Y is K-quasiconformal if and only if each
of the overlap maps ϕ ◦ φ ◦ ψ−1 is K-quasiconformal.
As with the notion of quasiconformal maps, there are several different notions
which can be used to describe an almost-complex structure. Here, we chose the
presentation in terms of Beltrami coefficients in order again reduce the number of
other ideas we must introduce.
Definition 2.1.10. Let U ⊆ C be a domain.
A Beltrami coefficient µ on U is an almost-everywhere defined measurable
function µ : U → D.
The dilatation of µ is defined to be
K(µ) := ess sup
u∈U
1 + |µ(u)|
1− |µ(u)| .
Notice that K = 1 if and only if µ(u) = 0 almost everywhere. We denote the
0 coefficient by µ0.
Given domains U and V , a quasiconformal map φ : U → V and a Beltrami
coefficient µ on V , we can define a pullback φ∗µ of µ by φ. Briefly, the value of the
coefficient µ(v) parameterises an equivalence class of ellipses in the tangent space
TvV . If φ(u) = v and φ is differentiable at u then Duφ : TuU → TvV is a linear map.
Further, if Duφ is an isomorphism then the preimage of the ellipses corresponding
to µ(v) is a family of ellipses in TuU . φ∗µ then parameterises all such preimage
ellipses.
The formula in terms of Beltrami coefficients is given below.
φ∗µ(u) =
∂zφ(u) + µ(φ(u))∂zφ(u)
∂zφ(u) + µ(φ(u))∂zφ(u)
Notice that if φ is holomorphic, so ∂zφ ≡ 0, this formula simplifies to
φ∗µ(u) = µ(φ(u))
∂zφ(u)
∂zφ(u)
.
By using the notion of a pullback we can define a Beltrami differential on
an arbitrary Riemann surface X. The Beltrami differential µ assigns to each chart
(U,ψ) on X a Beltrami coefficient µψ on ψ(U) such that if (V, ϕ) is an overlapping
chart then µϕ = (ϕ ◦ ψ−1)∗µψ wherever both sides are defined. Notice that by the
above formula K(µϕ) = K((ϕ ◦ ψ−1)∗µψ), hence K(µ) is well-defined.
Observe that if φ is K-quasiconformal then φ∗µ0 has dilatation at most
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K. The following theorem, the Measurable Riemann Mapping Theorem, can be
considered to assert that the converse is true; if a Beltrami coefficient µ has bounded
dilatation K <∞ then there exists a quasiconformal map φ such that φ∗µ0 = µ.
Theorem 2.1.11 (Measurable Riemann Mapping Theorem).
Let X be a Riemann surface isomorphic to Cˆ,C or D and let µ be a Beltrami
differential on X. Suppose that K(µ) = K <∞.
Then there exists a K-quasiconformal map φ : X → X such that µ = φ∗µ0.
This φ is unique up to post-composition by an automorphism of X.
We have already seen that if φ is conformal then φ is 1-quasiconformal and
φ∗µ0 = µ0. The last theorem we shall state in this review states that the converse
is true: a 1-quasiconformal map is conformal.
Theorem 2.1.12 (Weyl’s Lemma, [2]).
Let U, V ⊆ C be domains and let φ : U → V be quasiconformal.
Then φ is 1-quasiconformal if and only if φ is conformal. Equivalently,
φ∗µ0 = µ0 if and only if φ is conformal.
Proposition 2.1.13 ([17, Proposition 2.5.2]).
Let w1 ∈ C ∪ {−∞} and w2 ∈ C ∪ {+∞} such that if both w1, w2 ∈ C then
ℜ(w2 − w1) > 52 .
When w1, w2 ∈ C, let U = Uw1,w2 ⊆ C be a domain of the form
Uw1,w2 = {w ∈ C | ℜ(w − w1) > −|ℑ(w − w1)| and ℜ(w − w2) < |ℑ(w − w2)}.
If w0 ∈ C then U−∞,w0 = {w ∈ C | ℜ(w−w0) < |ℑ(w−w0)} and Uw0,+∞ = {w ∈ C | ℜ(w−w0) > −|ℑ(w−w0)|}.
U−∞,+∞ = C.
Let F : U → C be a holomorphic function which satisfies
|F (w)− (w + 1)| < 1
4
and |F ′(w)− 1| < 1
4
.
Then there exists an injective holomorphic function Φ : U → C such that
Φ(F (w)) = Φ(w) + 1
for all w ∈ U ∩F−1(U). This map is unique up to post-composition by a translation.
Figure 2.2. First, we show that F is univalent. Let w,w′ ∈ U and let γ : [0, 1]→ U
be a smooth curve joining w to w′. Then
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∣∣(F (w′)− F (w))− (w′ − w)∣∣ = ∣∣∣∣∫ 1
0
(F ′(γ(t))− 1)γ′(t)dt
∣∣∣∣
<
∣∣∣∣∫ 1
0
1
4
γ′(t)dt
∣∣∣∣
=
1
4
|w′ − w|
where the inequality comes from the fact that |F ′(w)− 1| < 14 .
Thus |(F (w′) − F (w)) − (w′ − w)| < 14 |w′ − w|, which can be rearranged
to show that 54 |w′ − w| > |F (w′) − F (w)| > 34 |w′ − w|. Hence if w′ ̸= w then
F (w′) ̸= F (w) and so F is univalent.
Let w0 ∈ U be a point such that the vertical lines l = {w | ℜ(w) = ℜ(w0)}
and {w | ℜ(w) = ℜ(w0) + 52} are contained in U . Since ℜ(F (w)) < ℜ(w) + 54 , F (l)
and F ◦2(l) are contained in the region bounded by the two vertical lines, hence are
contained in U . Since F is univalent it is a homeomorphism onto its image, so F (l)
is a simple curve. Thus l∪F (l) bounds a unique region, S, which is a vertical strip.
Let S = S \ F (l).
S ∩ F (S) = F (l), since F is univalent. Indeed for all n,m ∈ Z, we can see
that F ◦n(S) ∩ F ◦m(S) ̸= ∅ if and only if n = m. Since |F (w) − (w + 1)| < 1/4,
ℜ(F ◦2(w)) > ℜ(w) + 3/2 and so inf{d(w,w′) | w ∈ l and w′ ∈ F ◦2(l)} ≥ 3/2. Since
ℜ(F (w)) < ℜ(w) + 5/4 it follows that for all w ∈ U there exists n ∈ Z such that
F ◦n(w) ∈ S ∪ F (S). Hence there exists a unique n ∈ Z such that F ◦n(w) ∈ S.
Let φ : S0 = {z | 0 ≤ ℜ(z) ≤ 1} → U be the map
φ(x+ iy) = w0 + iy + x(F (w0 + iy)− (w0 + iy)).
We claim that φ is a quasiconformal map from S0 to S. To show this, we first
observe that it is R-differentiable. Therefore it is both absolutely continuous on
lines and has well-defined partial derivatives everywhere.
Now we show that φ is a homeomorphism, beginning by showing that it is
injective. Suppose φ(x + iy) = φ(x′ + iy′) = w. Then the straight lines l1 between
w0 + iy and F (w0 + iy) and l2 between w0 + iy′ and F (w0 + iy′) cross at the point
w. Without loss of generality, we shall assume that y′ > y.
∂F
∂y = iF
′(w0 + iy) and so in particular ℑ
(
∂F
∂y
)
> 3/4 > 0. Hence, if
y′ > y then F (y′) > F (y). But this is impossible, since l1 ∩ l2 ̸= ∅ implies that
F (y′) ≤ F (y). Hence φ is injective. Also, notice that since φ is injective, the line
φ({z | 0 ≤ ℜ(z) ≤ 1 and ℑ(z) = y}) can only intersect ∂S at w0+iy and F (w0+iy).
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Thus φ({z | 0 < ℜ(z) < 1 and ℑ(z) = y}) ⊂ S and so φ(S0) ⊆ S.
Since φ is injective it is a homeomorphism onto its image. In particular,
φ(S0) is connected and simply connected. Also, ℑ(φ(z)) → ±∞ as ℑ(z) → ±∞,
so we may extend φ to a map φ : S0 ∪ {±i∞} → S ∪ {±i∞}. Then it follows that
φ(∂S0) = ∂S = l ∪ F (l) ∪ {±i∞}. Since φ(S0) is simply connected we therefore
have that φ(S0) = S. Thus φ is surjective and hence a homeomorphism from S0 to
S.
Taking partial derivatives,
∂φ
∂x
= F (w0 + iy)− (w0 + iy) and ∂φ
∂y
= ixF ′(w0 + iy) + i(1− x).
Hence∣∣∣∣∂φ∂z − 2
∣∣∣∣ = 12 ∣∣(F (w0 + iy)− (w0 + iy + 1)) + x (F ′(w0 + iy)− 1)∣∣ ≤ 14
and ∣∣∣∣∂φ∂z
∣∣∣∣ = 12 ∣∣(F (w0 + iy)− (w0 + iy + 1))− x (F ′(w0 + iy)− 1)∣∣ ≤ 14 .
Thus
∣∣∣∂φ∂z /∂φ∂z ∣∣∣ < 1/3 and so φ is quasiconformal.
Let µ0 be the 0 coefficient on S and let µ = φ∗µ0. Let T1 : z 7→ z + 1 be
unit translation on C and propagate µ to a Beltrami coefficient defined on C by
µ = (T ◦−n1 )
∗µ on the vertical strip Sn = {z | n ≤ ℜ(z) ≤ n+ 1}.
By the Measurable Riemann Mapping Theorem there exists a quasiconformal
integrating map ψ : C → C such that µ = ψ∗µ0, ψ(0) = 0 and ψ(1) = 1. Let
T : C→ C be the map ψ ◦ T1 ◦ ψ−1. Then
T ∗µ0 = ψ∗T ∗1 (ψ
−1)∗µ0 = ψ∗T ∗1 µ = ψ
∗µ = µ0,
hence T is holomorphic by Weyl’s Lemma. Since ψ and T1 are homeomorphisms, T
must be conformal, so an affine map. T1 does not have any fixed points, so neither
does T . Hence T is a translation. T (0) = ψ ◦ T1 ◦ ψ−1(0) = ψ ◦ T1(0) = ψ(1) = 1.
Hence T = T1 is unit translation.
Now we define Φ := ψ ◦ φ−1 : S → C. Φ∗µ0 = ψ∗(φ−1)∗µ0 = ψ∗σ = µ0, so Φ
is holomorphic by Weyl’s Lemma. Since ψ and φ are both homeomorphisms, Φ is
univalent.
We can extend Φ to all of U by the functional equation Φ(F (w)) = Φ(w)+1.
This gives a well-defined univalent function since U = ⊔n∈Z F ◦n(S) as we have
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S
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φ
ψ
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T1 T1
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T1 T1
Figure 2.2: Diagram of the
proof of Proposition 2.1.13.
Under the map φ the region
S0 is mapped into S by map-
ping the straight line bet-
ween iy and 1 + iy to the
straight line between w0+ iy
and F (w0 + iy). The 0 Bel-
trami coefficient on S is then
pulled back under φ to give
a Beltrami coefficient µ on
S0, which is then spread to
C by µ = T ∗nµ. ψ : C → C
is the integrating map. The
composition Φ = ψ ◦ φ−1
preserves the 0 coefficient,
hence is holomorphic. We
can extend Φ to a holomor-
phic map defined on all of U
by Φ(F ◦n(w)) = Φ(w) + n.
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already shown.
If Ψ is another function satisfying Ψ(F (w)) = Ψ(w) + 1, then
Ψ ◦ Φ−1(z + 1) =Ψ(F (Φ−1(z)))
=Ψ ◦ Φ−1(z) + 1
and so Ψ◦Φ−1 commutes with unit translation. We can thus define Ψ◦Φ−1 : C→ C
by Ψ ◦Φ−1(T ◦n1 (z)) = T ◦n1 ◦Ψ ◦Φ−1(z), which is holomorphic on all of C. Similarly,
Φ◦Ψ−1 also commutes with unit translation. Since Φ◦Ψ−1 = (Ψ ◦ Φ)−1, both maps
are affine. Since they commute with translations they must be translations and the
claim is proven.
Before returning to the case of parabolic points, we conclude this subsection
by giving an estimate of the generalised Fatou coordinates above. We give this
estimate in terms of a larger class of maps, from which we can return to our setting
of interest by letting v(w) = F (w)− w.
Lemma 2.1.14 ([17, Proposition 2.6.2]).
Let U ⊂ C be a domain and Φ, v : U → C be holomorphic functions which satisfy
• Φ is univalent in U .
• |v(w)− 1| < 1/4 for all w ∈ U .
• Φ(w + v(w)) = Φ(w) + 1 whenever w,w + v(w) ∈ U .
Then there exist universal constants R1, C1, C2 > 0 such that if U = {w ∈ C | |w−w0| < R}
is the disc centred on w0 of radius R for some R ≥ R1, then∣∣∣∣Φ′(w0)− 1v(w0)
∣∣∣∣ ≤ C1( 1R2 + |v′(w0)|) ≤ C2R .
Suppose instead that U is the wedge U = {w ∈ C∗ | θ1 < argw < θ2},
with θ2 < θ1 + 2pi, and that for some C, ν > 0, for all w ∈ U we have that
|v′(w)| ≤ C|w|1+ν . Then for any w0 ∈ U and θ′1, θ′2 with θ1 < θ′1 < argw0 < θ′2 < θ2
there exists R2, C3 > 0 and ζ ∈ C such that∣∣∣∣Φ(w)− ∫ w
w0
dz
v(z)
− ζ
∣∣∣∣ ≤ C3( 1|w| + C|w|ν
)
,
for all w satisfying θ′1 < argw < θ′2 and d(w,C \ U) > R2. Moreover C3 depends
only on θj and θ′j.
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Proof. Without loss of generality, assume w0 = 0. Take R > 12. If |w| < R−2 then
w + v(w) ∈ D2(w) ⊂ U . Consider the function
Φw : D→ C , Φw : z 7→ Φ(w + 2z) + Φ(w)
2Φ′(w)
,
which is univalent with Φw(0) = 0 and Φ′w(0) = 1. Applying the Koebe Distortion
Theorem we obtain the inequality
|z|
(1 + |z|)2 ≤
∣∣∣∣Φ(w + 2z)− Φ(w)2Φ′(w)
∣∣∣∣ ≤ |z|(1− |z|)2 .
In particular, setting z = 12v(w) we see that
|v(w)|
(1 + |v(w)|/2)2 ≤
∣∣∣∣Φ(w + v(w))− Φ(w)Φ′(w)
∣∣∣∣ ≤ |v(w)|(1− |v(w)|/2)2 .
Since |v(w)− 1| < 1/4 and Φ(w + v(w))− Φ(w) = 1 by assumption, we see
there exist constants C,C ′, independent of w, such that C ≤ |Φ′(w)| ≤ C ′ whenever
|w| < R− 2.
If |w| < R/2 < 5R/6 < R− 2 then by Cauchy’s derivative estimate we have
that |Φ′′(w)| ≤ 3C ′/R. Using Taylor’s formula
Φ(w + z) = Φ(w) + zΦ′(w) + z2
∫ 1
0
(1− t)Φ′′(w + zt)dt
and setting z = v(w) we see that
|Φ(w + v(w))− Φ(w)− v(w)Φ′(w)| =
∣∣∣∣v(w)2 ∫ 1
0
(1− t)Φ′′(w + zt)dt
∣∣∣∣
|1− v(w)Φ′(w)| ≤|v(w)|23C ′/R < 75C ′/16R = C ′′/R
whenever |w| and |w + v(w)| < R/2, which is satisfied whenever |w| < R/2− 5/4.
−(Φ′′(w)v(w)+Φ′(w)v′(w)) = (1−Φ′(w)v(w))′ and so by Cauchy’s estimate
if |w| < R/4− 5/4 so DR/5(w) ⊂ DR/2−5/4 then
|Φ′′(w)v(w) + Φ′(w)v′(w)| ≤ C ′′′/R2,
where C ′′′ = 5C ′′.
Likewise, since |v(w)| < 5/4 we can integrate around the contour |z−w| = R/2
and apply Cauchy’s estimate, integrating around the contour |z−w| = R/2 to con-
clude that |v′(w)| < 5/R and |v′′(w)| < 10/R2 whenever |w| < R/3. Hence, by
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Taylor’s formula, |v′(w)| < |v′(0)|+ 50
4R2
whenever |w| < 5/4, R/3.
Rearranging the inequality |Φ′′(w)v(w) +Φ′(w)v′(w)| ≤ C ′′′/R2, we see that
|Φ′′(w)| ≤ 1|v(w)|
(
C ′′′
R2
+ |Φ′(w)v′(w)|
)
≤4
5
(
C ′′′
R2
+ C ′|v′(0)|
)
= D
(
1
R2
+ |v′(0)|
)
,
whenever |w| < 5/4 < R/4.
Applying Taylor’s Formula again, we have
|1− Φ′(0)v(0)| ≤ D(1/R2 + |v′(0)|) ≤ D′/R.
Thus
|Φ′(0)− 1
v(0)
| ≤ 4
3
D(1/R2 + |v′(0)|) ≤ 4
3
D′/R,
since |v(0)| > 3/4.
For the second claim, note that there exists a constant
Cθ = max(sin(θ
′
1 − θ1), sin(θ2 − θ′2))
such that if θ′1 < argw < θ′2 then d(w,C \ U) > Cθ|w|.
Thus, for all w ∈ U with θ′1 < argw < θ′2 and |w| > R1/Cθ, we have that
DR1(w) ⊂ DCθ|w|(w) ⊂ U . Applying the previous result to this region yields the
inequality∣∣∣∣Φ′(w)− 1v(w)
∣∣∣∣ ≤ C1( 1(Cθ|w|)2 + |v′(w)|
)
≤ C ′
(
1
|w|2 +
1
|w|1+ν
)
.
Integrating along a path gives the desired inequality.
2.1.4 Fatou Coordinates
We can now proceed to proving the existence of Fatou coordinates, which will be
central tools for the remainder of this paper. Our first application will be proving the
Cylinder Theorem in this subsection, which describes the quotient spaces P±,j/f .
In the following section we shall use them to define the horn map and lifted horn
map. Finally, for a suitable class of maps f : D(f)→ Cˆ we prove covering properties
which will play a central role in the proof of the main theorem in chapter 3.
Theorem 2.1.15 (Fatou Coordinates).
Let f be a holomorphic map defined in a neighbourhood D(f) of 0, fixing 0 with
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multiplier e2piip/q and parabolic multiplicity ν. Let {P±,j} be petals of f .
Then there exist univalent maps Φ˜±,j : P±,j → C which satisfy
Φ˜±,j(f◦q(z)) = Φ˜±,j(z) + 1
for all z ∈ P±,j. The maps Φ˜±,j are unique up to post-composition by a translation.
The maps Φ˜±,j are called Fatou coordinates of f .
Proof. Let F±,j = φ ◦ f◦q ◦ ψ±,j be the function defined in lemma 2.1.2.
Then F±,j(w) = w + 1 + O( 1
w ν
√
|w|) and F
′
±,j(w) = 1 + O( 1w2 ) as |w| → ∞
within {w | ℜ(±w) > −|ℑ(±w)|}. In particular, we see that there exists R > 0 such
that for all |w| > R/2, |F±,j(w)− (w + 1)| < 1/4 and |F ′±,j(w)− 1| < 1/4.
Hence F±,j satisfies the conditions of proposition 2.1.13 on the set ±UR,+∞,
where −UR,+∞ = U−∞,−R. We can then further choose R large enough that
ψ±,j(±UR,+∞) ⊂ D(f). Thus there exists a univalent map Φ±,j : ±UR,+∞ → C
which satisfies Φ±,j(F±,j(w)) = Φ±,j(w) + 1.
Let Φ˜±,j = Φ±,j ◦ φ : ψ±,j(±UR,+∞)→ C. Then Φ˜±,j is univalent, since φ is
univalent on ∆±,j ⊃ ψ±,j(UR,+∞). Further,
Φ˜±,j(f◦q(z)) =Φ±,j(φ(f◦q(z)))
=Φ±,j(φ ◦ f◦q ◦ ψ±,j(φ(z)))
=Φ±,j(F±,j(φ(z)))
=Φ±,j(φ(z)) + 1
=Φ˜±,j(z) + 1
We can then obtain Φ˜±,j : P±,j → C by extending via the functional equa-
tion Φ˜±,j(f ◦−q(z)) = Φ˜±,j(z)− 1, noting that f is univalent on P±,j so the resulting
function is well-defined and univalent. The uniqueness of Φ˜±,j follows immedia-
tely from the corresponding uniqueness of Φ±,j . If Ψ˜±,j are another set of Fatou
coordinates then Ψ˜±,j ◦ Φ˜−1±,j = Ψ±,j ◦ φ ◦ φ−1 ◦ Φ−1±,j = Ψ±,j ◦ Φ−1±,j = Tc for some
c ∈ C.
Before moving on to our applications, we also give the estimate from Shishi-
kura [17] based on lemma 2.1.14.
Lemma 2.1.16.
Let f : D(f)→ Cˆ, F±,j and Φ±,j be as in theorem 2.1.15.
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Then for any 0 < k < 1,
Φ±,j(w) = w − a±,j logw + c±,j + o(1)
as w tends to ∞ within the sectors ±{w | ℜ(w) > R− k|ℑ(w)|} for some constants
a±,j , c±,j ∈ C.
Proof. Let v±,j(w) = F±,j(w)− w, which is defined on a domain ±UR,+∞ for some
R > 0, so that by lemma 2.1.2
v±,j(w) = 1 +
a±,j
w
+O
(
1
w ν
√|w|
)
and |v′±,j(w)| = O
(
1
w2
)
as |w| → ∞.
Given 0 < k < 1, let UkR be the sector {w | ℜ(w) > R − k|ℑ(w)|}. Then
there exist constants Rk, Ck > 0 such that for all w ∈ (±UkR) ∩ (C \ DRk) we have
that d(w,C \ ±UR,+∞) > Ck|w|. Then, as in the proof of lemma 2.1.14, for each
w ∈ ±UkR we can apply part i) of lemma 2.1.14 to the discs {ω | |w − ω| < Ck|w|}
to obtain the same estimate as part ii) of the lemma,∣∣∣∣Φ±,j(w)− ∫ w
w0
dω
v(ω)
− ζ
∣∣∣∣ ≤ C3(1 + Ck|w|
)
.
Since 1/v±,j(w) = 1− a±,jw +O
(
1
w ν
√
|w|
)
, we have that
Φ±,j(w) = w − a±,j log(w) + c±,j +O
(
1
w
)
.
We are now ready to prove the Cylinder Theorem, which describes the quo-
tient spaces P±,j/f =: C±,j . By showing that
⋃
n∈Z Tn(Φ˜±,j(P±,j)) = C, where
Tn : z 7→ z + n, we can show that each such quotient space is conformally isomor-
phic to C/Z. It is important to note that whilst a given choice of Fatou coordi-
nates induces isomorphisms C±,j
∼=→ C/Z, Fatou coordinates are only unique up to
post-composition by a translation there are so there are no natural isomorphisms
C±,j ∼= C/Z. Indeed any isomorphism C/Z ∼= C/Z which preserves the ends ±i∞
can occur as the composition C/Z ∼=
−1→ C±,j
∼=→ C/Z.
Of great interest are isomorphisms from the attracting cylinders to the re-
pelling cylinders. These induce an orbit correspondence and can be considered to
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describe how an orbit might ‘pass through’ the parabolic fixed point. The theory of
parabolic implosion studies this idea; certain such orbit correspondences (any in the
case of a simple parabolic point) can be arbitrarily well realised by orbits of suita-
ble perturbations. This yields a great richness in the structure of parameter space
near to parameters with a parabolic point. Appendix A gives such an application,
showing that the cubic connectedness locus is not locally connected by studying the
structure near a carefully chosen parabolic parameter.
Theorem 2.1.17 (The Cylinder Theorem).
Let f be a holomorphic map, defined in a neighbourhood D(f) of 0, fixing 0 with
multiplier e2piip/q and parabolic multiplicity ν.
Let P±,j be a petal of f .
Then the quotient space C±,j = P±,j/ ∼f is isomorphic to the bi-infinite
cylinder C/Z ∼= C∗, where the relation ∼f is given by
z ∼f z′ if and only if there exist n ∈ Z≥0 such that f◦nq(z) = z′ or f◦nq(z′) = z.
Other than for the statement and proof of this theorem we shall use the
notation P±,j/f in place of P±,j/ ∼f except where this would cause confusion.
Proof. Let Φ±,j : ±UR,+∞ → C be a map given by proposition 2.1.13, satisfying
Φ±,j ◦ F±,j = T1 ◦ Φ±,j . Pick a point w ∈ C. We wish to show that there exists
n ∈ Z with w+ n ∈ Φ˜±,j(P±,j). We begin by assuming that P±,j = ψ±,j(±UR,+∞),
which we have previously shown is a petal.
Note first that by lemma 2.1.16, ℑΦ±,j(x+ iy)→ ±∞ as ℑy → ±∞. Hence
w 7→ ℑΦ±,j(w) is surjective. Therefore, if no such n exists then either Φ˜±,j(P±,j)
is not connected or it is not simply connected. But Φ˜±,j(P±) = Φ±,j(UR,+∞) and
Φ±,j is univalent, so a homeomorphism onto its image. This is a contradiction,
hence w + n ∈ Φ˜±,j(P±,j) for some n.
Therefore, the quotient map pi : Φ˜±,j(P±) ⊂ C → C/Z is surjective and
hence the composition pi ◦ Φ˜±,j : P±,j → C/Z is surjective. But pi is the quotient of
C by T1 and Φ˜±,j conjugates f |P±,j to T1. Hence C±,j = P±,j/ ∼f∼= C/Z as claimed.
In general, if w + n ∈ Φ±,j(UR,+∞) then f◦mq(z) → 0 from the direction
of v±,j , where Φ˜±,j(z) = w. Hence f◦(n+m)q(z) ∈ P±,j for some m ∈ Z and so
w + (n+m) ∈ Φ˜±,j(P±,j).
In order to conclude this section by discussing extension properties of Fatou
coordinates we first need to somewhat restrict the class of maps we are considering.
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z
Φ˜+(z)
Φˆ+(z)
f◦n(z)
Φ˜+(z) + n
P+
f
Φ˜+
T1
pi
Φ˜+(P+)
C+ ∼= C/Z
Figure 2.3: A diagram of the rela-
tions between orbits under f , or-
bits under T1 and points on C+.
Φ˜+ maps an orbit under f to
an orbit under T1 and Φˆ+ maps
an orbit under f to a point on
C. Thus there exists an isomor-
phism between C+ and the image
of Φ˜+(P+) in C 7→ C/Z.
Definition 2.1.18. Suppose that f : D(f) → Cˆ has a parabolic fixed point of
multiplier e2piip/q and parabolic multiplicity ν at 0, where D(f) ⊆ Cˆ is open. Recall
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that we previously defined the parabolic basin to be
A = {z ∈ D(f) | f◦kq(z)→ 0 nontrivially as k → +∞}.
We say that f has a proper parabolic basin if
i f |A is proper, and
ii f |A has finitely many critical points.
The following lemma gives a sufficient condition on the map f for the para-
bolic basin to be proper; that A be compactly contained in the domain of definition
of f . Notice in particular that if f is either a rational map or polynomial-like map
then this condition is satisfied and thus any parabolic basin is proper.
Notice also that if f has a parabolic basin A which is simply connected, and
f |A is proper, then f |A has finitely many critical points and hence f has a proper
parabolic basin A.
Lemma 2.1.19.
Let f : D(f)→ Cˆ be a holomorphic map with a parabolic fixed point at 0.
Suppose that the parabolic basin A is compactly contained in D(f). That is
the closure A is a compact subset of D(f).
Then f has a proper parabolic basin at 0.
Proof. Note first that f−1(A) ⊆ A and f−1(A) ⊆ A. Let K ⊂ A be a compact
set. Then K is closed and so f−1(K) is a closed subset of A. A is compact by
assumption, hence f−1(K) is compact.
Since K ⊂ A, f−1(K) ⊂ f−1(A) ⊆ A. Hence f |A : A → A is proper.
Now suppose that f |A has infinitely many critical points. Then since A is
compact, the critical points of f must accumulate at some point in A ⊂ D(f). This
implies that f is constant, which contradicts the assumption that it has a parabolic
fixed point. Hence f |A has finitely many critical points and so f has a proper
parabolic basin at 0.
For each point z ∈ A, there exists a unique j such that f◦kq(z) ∈ P+,j for all
k large enough. Thus we may divide A into disjoint open subsets
Aj := {z ∈ A | f◦kq(z) ∈ P+,j for all k large enough}.
P+,j ⊂ Aj and we call the connected component A0j containing P+,j the j-th imme-
diate basin. We call the union ⋃j A0j =: A0 the immediate basin. Notice that since
f−1(Aj) ⊆ Aj , if A is a proper basin then f |Aj : Aj → Aj is proper.
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The requirement that the basin be proper is stronger than we need for the
remaining two theorems in this section. However subsequent results will depend
on this definition. For now, it suffices to recall that a proper open mapping into
a locally compact connected Hausdorff space is surjective. Thus if f has a proper
parabolic basin then the restriction to the j-th immediate basin f |A0j : A0j → A0j is
surjective.
In the case of attracting coordinates, we can extend Φ˜+,j to the whole at-
tracting basin Aj via the functional equation Φ˜+,j◦f◦q = T1◦Φ˜+,j . The requirement
that the basin be proper ensures that the resulting map is surjective.
Theorem 2.1.20.
Let f : D(f) → Cˆ be a holomorphic map with a parabolic fixed point of multiplier
e2piip/q and parabolic multiplicity ν at 0. Suppose further that f has a proper parabolic
basin at 0 and let Φ˜+,j : P+,j → C be attracting Fatou coordinates.
Then each of the maps Φ˜+,j may be extended to the entire attracting basin
Aj of the petal P+,j, via the functional equation Φ˜+,j(z) = Φ˜+,j(f◦q(z)) − 1. The
extended maps are holomorphic and surjective, but no longer injective.
Proof. By definition of the parabolic basin and petals, for all z ∈ A there exists
k ∈ Z≥0 and j ∈ {0, 1, . . . , qν − 1} such that f◦kq(z) ∈ P+,j . If f◦k′q(z) ∈ P+,j also
then Φ˜+,j ◦ f◦kq(z) = Tk−k′ ◦ Φ˜+,j ◦ f◦k′q(z). Hence Φ˜+,j(z) := T−k ◦ Φ˜+,j ◦ f◦kq(z)
is well-defined. Since k can be chosen to be constant on a small neighbourhood of
z, it follows that Φ˜+,j is holomorphic.
By the Cylinder Theorem, for all w ∈ C there exists k ∈ Z such that
w+k ∈ Φ˜+,j(P+,j). Since f◦q|Aj is proper by assumption, the restriction to the j-th
immediate parabolic basin A0j is surjective. Hence f◦−kq(Φ˜−1+,j(w+ k)) ⊆ Φ˜−1+,j(w) is
non-empty and so Φ˜+,j is surjective.
In the case of the repelling coordinates rather than attempting to extend
the coordinates themselves we instead consider the inverse maps Ψ˜−,j = (Φ˜−,j)−1,
which satisfy the equation f◦q ◦ Ψ˜−,j = Ψ˜−,j ◦ T1. The definition of this map is
further complicated by the fact that some orbits under f◦q may escape from the
domain of definition D(f). However, we can be sure that any orbit which starts in
the parabolic basin A will remain there.
By requiring that the parabolic basin be proper we have that A descends
to subset A˜j which is totally invariant under unit translation and whose closure is
contained in the domain D(Ψ˜−,j).
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Theorem 2.1.21.
Let f : D(f) → Cˆ be a map with a parabolic fixed point of multiplier e2piip/q and
parabolic multiplicity ν at 0. Suppose that f has a proper parabolic basin at 0.
Let Φ˜−,j : P−,j → C be repelling Fatou coordinates and let
Ψ˜−,j := (Φ˜−,j)−1 : Φ˜−,j(P−,j)→ Cˆ
be the inverse repelling Fatou coordinates.
Let A be the parabolic basin of 0 and let A˜j be the set
A˜j =
⋃
n∈Z
Tn ◦ Φ˜−,j(P−,j ∩ A).
This set contains both an upper and lower half-plane.
Then Ψ˜−,j extends to a holomorphic map Ψ˜−,j : D(Ψ˜−,j) → Cˆ via the
functional equation Ψ˜−,j(w + 1) = f◦q(Ψ˜−,j(w)) and A˜j ⊂ D(Ψ˜−,j).
It should be emphasised that the notation Aj associates a subset of A with
the attraction vector v+,j , whereas the notation A˜j associates a subset of C with
the repulsion vector v−,j . In a sense, A˜j refers to the ‘preimage’ of the whole basin
A in the j-th repelling Fatou coordinate Φ˜−,j .
Proof. First, suppose that A˜j does not contain an upper half-plane. Then we can
find a sequence of points (zk) in P−,j such that ℑ(Φ˜−,j(zk))→ +∞ as k →∞, but
zk /∈ A for all k. Letting Φ±,j be as in theorem 2.1.15, it follows from lemma 2.1.16
that (wk = Φ−1−,j ◦ Φ˜−,j(zk)) is a sequence with ℑ(wk)→ +∞ as k →∞.
On the other hand, let φ be as in lemma 2.1.2. The petals P±,j can be chosen
such that φ(P+,j+1 ∩ P−,j) ⊆ {w ∈ C | ℑ(w) > |ℜ(w)| + R} for some R ∈ R>0 as
we saw in the proof of theorem 2.1.6. Therefore we must have that φ(zk) < R + 1
for all k. This is a contradiction, hence A˜j contains an upper half-plane. A similar
argument also shows that it contains a lower half-plane.
Now, note that Φ˜−,j : P−,j → C is biholomorphic onto its image by theorem
2.1.15 and so Ψ˜−,j |Φ˜−,j(P−,j) = (Φ˜−|P−)−1 is well-defined and holomorphic.
If w ∈ A˜j then w − k ∈ Φ˜−,j(P−,j ∩ A) for some k ∈ Z by definition. This
implies that w − k − 1 ∈ Φ˜−,j(P−,j ∩ A). From the definition of Aj , we see that
f◦q(Aj) ⊆ Aj , so therefore Ψ˜−,j(w) = f◦q(k+1)◦Ψ˜−,j |Φ˜−,j(P−,j)◦T−(k+1)(w) is defined
for any fixed k ∈ Z large enough.
f◦kq ◦ Ψ˜−,j |Φ˜−,j(P−,j) ◦ T−k is the composition of holomorphic maps, so Ψ˜−,j
31
is holomorphic on a neighbourhood of w. Further,
f◦k
′q ◦ Ψ˜−,j ◦ T−k′ = f◦kq ◦ Ψ˜−,jTk′−k ◦ T−k′
=f◦kq ◦ Ψ˜−,j ◦ T−k,
so Ψ˜−,j(w) is well-defined.
Hence Ψ˜−,j is well-defined and holomorphic and A˜j ⊂ D(Ψ˜−,j).
2.2 Parabolic Renormalisation
The extended Fatou coordinates and the Cylinder Theorem give us the following
pair of commutative diagrams. For simplicity, for the remainder of this paper we
shall be restricting ourselves to simple parabolic fixed points, those with multiplier
1 and parabolic multiplicity 1. We therefore drop the j from all of our previous
notation, so that Fatou coordinates are Φ˜± and so on.
A f // A A f //
Φ˜+

A
Φ˜+

A˜ T1 //
Ψ˜−
OO
pi−
@
@@
@@
@@
@ A˜
Ψ˜−
OO
pi−
~~
~~
~~
~~
C T1 //
pi+
@
@@
@@
@@
@ C
pi+
~~
~~
~~
~~
C− C+
.
The two diagrams are linked together by the lifted horn map, h˜f : A˜ → C,
and the horn map, hˆf : pi−(A˜) =: Aˆ → C+. These maps provide an encoding of the
dynamics of f near the parabolic fixed point.
In the first subsection we shall define the lifted horn map and also study co-
vering properties of the extended Fatou coordinates of maps with a proper parabolic
basin. In the second subsection we shall define the horn map and show that when
the map has a proper parabolic basin the horn map is a finite type map. We shall
also give the theorem of Écalle and Voronin which shows that the horn map up to
equivalence uniquely determines the local analytic conjugacy class of a parabolic
germ.
2.2.1 Lifted Horn Maps
We begin by studying the covering properties of extended Fatou coordinates. This
pair of lemmas, relating to the attracting and inverse repelling Fatou coordinates,
are the main reason for our definition of a map having a proper parabolic basin.
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They will form key tools in our proof of the main theorem in chapter 3. Our results
here offer a slight improvements over those in [4].
Recalling that extended attracting Fatou coordinates were defined by
Φ˜+ = T−k ◦ Φ˜+ ◦ f◦k,
one would expect that any singular values of Φ˜+, the points in C which do not have
an evenly covered neighbourhood, should be related to singular values of f |A. The
following lemma shows that this intuition is correct when f has a proper parabolic
basin; Φ˜+ is a covering map away from the image under Φ˜+ of the backward orbits
of the critical points of f .
Lemma 2.2.1 (Compare [4, Proposition 2]).
Let f : D(f) → Cˆ be a map with a simple parabolic fixed point at 0 with a proper
parabolic basin. Let C be the set of critical points of f |A and let O− =
⋃
n≥0 f
◦−n(C).
Let Φ˜+ : A → C be an extended attracting Fatou coordinate.
Then the restriction
Φ˜+ : A \ (Φ˜+)−1(Φ˜+(O−))→ C \ Φ˜+(O−)
is a covering map.
Proof. Let P+ be an attracting petal of f at 0 such that Φ˜+(P+) contains a right
half-plane HR = {z ∈ C | ℜ(z) > R}. Then P+ contains a connected component of
Φ˜−1+ (HR).
Let w ∈ C \ Φ˜+(O−) and let V ⊂ C \ Φ˜+(O−) be a round disc containing w
of radius < 1/2. Let U ⊂ Φ˜−1+ (V ) ⊂ A be a connected component and let n ∈ Z≥0
and z ∈ U such that f◦n(z) ∈ P+. Then, taking n larger if necessary, we can assume
that ℜ(Φ˜+(f◦n(z))) > R + 1. Φ˜+ ◦ f◦n = Tn ◦ Φ˜+ and so Φ˜+ ◦ f◦n(U) ⊆ Tn(V ).
f◦n(U) is connected and diam(Φ˜+ ◦ f◦n(U)) ≤ diam(Tn(V )) = diam(V ) < 1, hence
Φ˜+ ◦ f◦n(U) ⊂ HR and so f◦n(U) ⊂ P+.
By definition, Φ˜+|U = T−n ◦ Φ˜+|P+ ◦ f◦n|U . Since V ⊂ C \ Φ˜+(O−),
none of U, f(U), f◦2(U), . . . , f◦n−1(U) contain any critical points of f . Further,
f |A is proper and U is a connected component of f◦−n((Φ˜+|P+)−1 ◦ Tn(V )), hence
f◦n : U → f◦n(U) is a covering map. Moreover, V is a disc and Tn and Φ˜+|P+ are
biholomorphic onto their images. Therefore f◦n(U) is simply connected and thus
f◦n : U → f◦n(U) is biholomorphic.
Therefore Φ˜+|U = T−n ◦ Φ˜+|P+ ◦ f◦n|U : U → V is biholomorphic. Since
U was an arbitrary connected component of Φ˜−1+ (V ), V is evenly covered by Φ˜+.
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Since V ⊂ C \ Φ˜+(O−) was a neighbourhood of an arbitrary point, it follows that
Φ˜+ : A \ (Φ˜+)−1(Φ˜+(O−))→ C \ Φ˜+(O−) is a covering map as claimed.
In the case of inverse repelling Fatou coordinates, Ψ˜−, recall that A˜ ⊂ D(Ψ˜−).
Our definition of f have a proper parabolic basin only ensures relatively good beha-
viour within the basin, so we restrict to Ψ˜− : A˜ → A. After making this restriction
we can apply essentially the same intuition; singular values of Ψ˜− = f◦k ◦ Ψ˜− ◦ T−k
only arise from post-critical values of f .
If we were instead to consider rational maps, so that D(f) = Cˆ, we could
extend this lemma to the whole domain of definition of Ψ˜−, C. In this case, the
singular value set of Ψ˜−, S(Ψ˜−), is the closure of the post-critical set of f . Ψ˜− will
have an asymptotic value, a point z which satisfies Ψ˜− ◦ γ(t)→ z but γ(t)→∞ as
t→ 1 for some curve γ : [0, 1)→ C, at the simple parabolic fixed point 0 as well as
at least at any other simple parabolic or (super)attracting fixed points.
Lemma 2.2.2 (Compare [4, Proposition 3]).
Let f : D(f) → Cˆ be a holomorphic map with a simple parabolic fixed point at
0 with a proper parabolic basin. Let C be the set of critical points of f |A and let
O+ = ⋃n∈Z>0 f◦n(C) be the post-critical set.
Let Ψ˜− : A˜ → A be the extended inverse repelling Fatou coordinate.
Then the restriction
Ψ˜− : Ψ˜−1− (A \ O+)→ A \O+
is a covering map.
Proof. Let z1 ∈ A\O+ and let V be a simply connected neighbourhood of z1 which
is relatively compact in A \ O+.
Since V is relatively compact in A, we may assume without loss of generality
that the attracting petal P+ satisfies P+∩V = ∅. Further we may choose fat petals,
so that P+∪P−∪{0} is a neighbourhood of 0 and Φ˜−(P−) contains a left half-plane
−HR = {w ∈ C | ℜ(w) < −R}.
Let U be a connected component of Ψ˜−1− (V ). For n ∈ Z≥0 let Un = T−n(U)
and Vn = Ψ˜−(Un). Since Ψ˜− ◦ T1 = f ◦ Ψ˜− it follows that Un is a connected
component of Ψ˜−1− (Vn).
Vn+1 contains no critical points of f for all n ≥ 0, since V ∩ O+ = ∅, hence
f : Vn+1 → Vn is a covering map. V = V0 is simply connected and therefore it follows
by induction that Vn+1 is simply connected and f : Vn+1 → Vn is biholomorphic for
all n. Further, since f |A is proper, Vn is compactly contained in A \ O+ for all n.
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For n > 0 let gn : V0 → Vn be the inverse branch to f◦n|Vn : Vn → V0. Since
V n ⊂ A\O+, which is hyperbolic, the sequence (gn) forms a normal family. If z ∈ V0
then z = Ψ˜−(w) for some w ∈ U0 and gn(z) = Ψ˜− ◦ T−n(w). If we take n large
enough that w − n ∈ −HR then, since Φ˜−(P−) ⊃ −HR, it follows that gn(z) ∈ P−.
Hence for all z ∈ V0, gn(z)→ 0 as n→∞.
Since the sequence (gn) forms a normal family, gn converges uniformly to the
constant map z 7→ 0. In particular, we see that gn(V0) = Vn ⊂ P− ∪P+ ∪{0} for all
n large enough. Since V = V0 ∩ P+ = ∅ and f(P+) ⊂ P+ we see that Vn ∩ P+ = ∅
for all n ∈ Z≥0. Also, 0 /∈ Vn for all n ∈ Z≥0. Hence for all n large enough Vn ⊂ P−.
Taking such a sufficiently large n, we have that Ψ˜−|U : U → V is given by
Ψ˜−|U = f◦n|Vn ◦ (Φ˜−|P−)−1 ◦ T−n|U .
Φ˜−, T−n and f◦n|Vn are biholomorphic onto their images, hence Ψ˜−|U : U → V is
biholomorphic. Since U was arbitrary, V is evenly covered and thus, since z1 was
arbitrary, Ψ˜− : (Ψ˜−)−1(A \ O+)→ A \O+ is a covering map.
Let f be a holomorphic map with a simple parabolic fixed point at 0 with
a proper parabolic basin. A lifted horn map is defined to be the composition
h˜f := Φ˜+ ◦ Ψ˜− : A˜ → C. To understand how this map relates to the dynamics
of f we first need to understand exactly how the extended Fatou coordinates relate
to the dynamics.
To understand the inverse repelling Fatou coordinate, let us first consider
w ∈ A˜ and consider the image of the Z-orbit of w under Ψ˜−, {Ψ˜−(w + n) | n ∈ Z}.
We can assume without loss of generality that w ∈ Φ˜−(P−), so that f◦n ◦ Ψ˜−(w) is
well-defined for all n by letting f◦n = (f |−1P−)◦−n when n < 0.
Then {Ψ˜−(w + n) | n ∈ Z} = {f◦n(Ψ˜−(w)) | n ∈ Z} is a bi-infinite orbit
under f which tends to 0 as n → −∞. Distinct Z-orbits map to distinct such bi-
infinite orbits and Ψ˜−(w) = Ψ˜−(w′) if and only if the bi-infinite orbit corresponding
to {w + n} and that corresponding to {w′ + n′} agree at n = n′ = 0.
For the attracting Fatou coordinate, suppose that Φ˜+(z) = Φ˜+(z′). Then by
definition there exist n, n′ such that
f◦n(z), f◦n
′
(z′) ∈ P+ and T−n ◦ Φ˜+|P+ ◦ f◦n(z) = T−n′ ◦ Φ˜+|P+ ◦ f◦n
′
(z).
By taking a maximum of the two we can assume without loss of generality that
n = n′. Since T−n and Φ˜+|P+ are injective, we see that f◦n(z) = f◦n(z′).
We therefore observe that Φ˜+ maps grand orbits under f to Z-orbits, with
35
the set of grand orbits of f contained in A being mapped bijectively to the set of
Z-orbits in C.
Putting the two together, we have that h˜f maps a Z-orbit contained in A˜,
{w+n}, to the Z-orbit in C which corresponds to the grand orbit under f containing
{Ψ˜−(w+n)}. Two distinct Z-orbits contained in A˜ are mapped to the same Z-orbit
in C if and only if their images under Ψ˜− lie in the same grand orbit, which is the
case if and only if their images eventually agree.
The covering properties of h˜f follow from the covering properties of Φ˜+ and
Ψ˜−. By lemmas 2.2.1 and 2.2.2, the restriction
h˜f = Φ˜+ ◦ Ψ˜− : Ψ˜−1−
(
Φ˜−1+
(
Φ˜+
(A \ (O+ ∪ O−))))→ Φ˜+ (A \ (O+ ∪ O−))
is a covering map.
The critical value set of Ψ˜− is O+ and the critical value set of Φ˜+ is Φ˜+(O−).
Thus the critical value set of h˜f is Φ˜+(O+)∪Φ˜+(O−), and this is equal to the singular
value set of h˜f .
That is, w′ ∈ C is a critical value of h˜f if and only if w′+n is the image of a
critical point of f under Φ˜+ for some n ∈ Z. Also, w ∈ A˜ is a critical point of h˜f if
and only if the bi-infinite orbit under f , {Ψ˜−(w+n)}, contains a critical point of f .
In summary, we have the following lemma.
Lemma 2.2.3.
Let f : D(f)→ Cˆ be a holomorphic map with a simple parabolic fixed point at 0 with
a proper parabolic basin. Let Φ˜± be Fatou coordinates of f and let h˜f be the lifted
horn map Φ˜+ ◦ Ψ˜−.
Then h˜f is defined on a domain A˜, which contains both an upper and lower
half plane. The critical value set of h˜f is equal to the image of the grand orbits of
the critical points of f in Φ˜+, and h˜f has no other singular values.
2.2.2 The Horn Map
In this subsection we will transfer the previous discussion of the lifted horn map to
the cylinders C±. The lifted horn map induces a map called the horn map hˆf between
the cylinders, otherwise known as the Écalle-Voronin invariant of the parabolic fixed
point.
We shall use hats to represent objects on the cylinders, in contrast to our
previous tildes to show objects on the plane. Thus Φˆ± : P± → C± are the quotient
maps P± ∋ z 7→ [z] ∈ C± and are equal to the compositions pi± ◦ Φˆ±, Aˆ = pi(A˜) and
so on.
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As the latter name suggests, the horn map is invariant under local analytic
conjugacy, in the sense that if f and g are defined and holomorphic on a neighbour-
hood of 0, which is a simple parabolic fixed point of both, and χ is a local analytic
conjugacy from (f, 0) to (g, 0) then there exist natural isomorphism φ± : C±,f → C±,g
such that hˆg ◦ φ− = φ+ ◦ hˆf .
The converse is also true; a pair of isomorphisms φ± : C±,f → C±,g which
preserve ±i∞ and satisfy hˆg ◦ φ− = φ+ ◦ hˆf induce a local analytic conjugacy from
(f, 0) to (g, 0). We shall give a proof of this statement at the end of the section.
There are essentially two ways one could define the horn map, either by
directly defining where points are mapped or as the map induced by the lifted
horn map on the cylinders. The former has the advantage of being more clearly
independent of any choice of Fatou coordinate whilst the latter is more clearly well-
defined and holomorphic.
Definition 2.2.4 (Figure 2.4). Let f be a holomorphic map with a simple parabolic
fixed point at 0 with a proper parabolic basin.
We define the horn map, hˆ = hˆf : Aˆf → C+ by the relation
hˆf (Φˆ−(z)) = Φˆ+(f◦m(z)(z)),
where m(z) ∈ Z≥0 is chosen large enough that the right side is defined.
Lemma 2.2.5.
Let f be a holomorphic map with a simple parabolic fixed point at 0 with a proper
parabolic basin.
Let h˜f be a lifted horn map and hˆf be the horn map. Let pi± : C→ C± be the
quotient maps induced by the choice of Fatou coordinates.
Then hˆf ◦ pi− = pi+ ◦ h˜f .
Thus hˆf is a well-defined holomorphic map.
Before proceeding to the proof we would like to emphasise the choice of
articles. Fatou coordinates are unique only up to post-composition by a translation.
Therefore if h˜f is a lifted horn map then so is T+ ◦ h˜f ◦ T− for any translations
T± : C→ C.
By contrast, the horn map is defined on a subset of the quotient space P−/f .
As our definition showed, there is no choice being made here and so we may speak of
the horn map. Note however that if we wanted to define horn maps between standard
cylinders, such as C/Z or C∗, we would have an ambiguity in the isomorphisms
C± → C/Z which would return us to talking about a horn map.
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P+ z ∈ Φˆ−1− (zˆ) P−
C− C+
×
×
×
×
×
×
××
×
×
×
f◦m(z)(z)
zˆ
hf (zˆ) = Φˆ+(f
◦m(z)(z))
A0
Aˆ0
Φˆ− Φˆ+
hf
Figure 2.4: An illustration of definition 2.2.4. Given a point zˆ ∈ Aˆ let z ∈ (Φˆ−)−1(zˆ).
Taking m(z) sufficiently large, f◦m(z)(z) ∈ P+ and so Φˆ+(f◦m(z))(z) is defined.
Proof. Let w ∈ A˜ and let n ∈ Z such that w+n ∈ Φ˜−(P−). Let m ∈ Z≥0 such that
f◦m(Ψ˜−(w + n)) ∈ P+. Then we have that
hˆf ◦ pi−(w) = hˆf ◦ pi−(w + n)
= Φˆ+ ◦ f◦m(Ψ˜−(w + n))
= pi+ ◦ Tm ◦ Φ˜+ ◦ Ψ˜−(w + n)
= pi+ ◦ Tm ◦ h˜f ◦ Tn(w)
= pi+ ◦ Tm+n ◦ h˜f (w)
= pi+ ◦ h˜f (w).
Here the first and last equalities follow from pi± ◦ T1 = pi±, the second and fourth
are the definitions of hˆf and h˜f respectively and the third and fifth follow from the
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fact that Φ˜± ◦ f = T1 ◦ Φ˜±.
Since hˆf is the descent of the holomorphic map h˜f under the holomorphic
covering maps pi±, hˆf is well-defined and holomorphic.
We now study the covering properties of the horn map when f has a proper
parabolic basin. To this end we introduce the concept of a finite type map.
Definition 2.2.6. Let W , X be complex 1-manifolds and let f : W → X be a
holomorphic map.
We say that f is of finite type if
• f is nowhere locally constant.
• f has no isolated removable singularities. That is, for any holomorphic map
φ : D∗ → W such that φ does not extend analytically to a map φ : D → W ,
f ◦ φ does not extend analytically to a map f ◦ φ : D→ X.
• The singular value set of f , S(f), is finite.
• X is a finite union of compact Riemann surfaces.
If X is connected, we define the degree, deg f to be #f−1(x), which is inde-
pendent of x ∈ X \ S(f).
By our current definitions, the horn map hˆf : Aˆ → C+ cannot possibly be a
finite type map since C+ ∼= C/Z is not compact. To rectify this we compactify both
cylinders C± by adding the ends ±i∞, so that now C± ∼= Cˆ.
Note that if P± are fat petals then Φˆ±(P+ ∩ P−) contains a pair of punc-
tured neighbourhoods of ±i∞. Hence the horn map extends continuously, thus
holomorphically, to ±i∞ by setting hˆf (±i∞) = ±i∞.
Theorem 2.2.7.
Let f : D(f) → Cˆ be a holomorphic map with a simple parabolic fixed point with a
proper parabolic basin at 0. Let hˆf : Aˆ → C+ be the horn map of f .
Then hf is a finite type map.
Proof. By lemma 2.2.3, the critical value set of h˜f is
C˜ := {c˜+ n | Φ˜−1+ (c˜) is contained in a critical grand orbit, and n ∈ Z}
and h˜f has no other singular values. Since 0 has a proper parabolic basin, f |A has
finitely many critical points and hence finitely many critical grand orbits.
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Thus we can find a finite set C˜0 = {c˜1, . . . , c˜m} ⊂ C such that
C˜ = {c˜+ n | c˜ ∈ C˜0 and n ∈ Z}.
Therefore pi+(C˜) = pi+(C˜0) = {pi+(c˜j)} ⊂ C+ is a finite set and pi−1+ (pi+(C˜)) = C˜.
We now have the following commutative diagram.
A˜ \ (h˜−1f (C˜))
h˜f //
pi−

C \ C˜
pi+

Aˆ \ pi−(h˜−1f (C˜))
hˆf // C+ \ pi+(C˜)
.
In this diagram, pi± and h˜f |A˜\(h˜−1f (C˜)) are covering maps. It follows that
hˆf |Aˆ\pi−(h˜−1f (C˜)) is a covering map. Hence the singular value set of hˆf |Aˆ\{±i∞} is con-
tained in pi+(C˜) and thus the singular value set of hˆf is contained in pi+(C˜)∪{±i∞},
since hˆ−1f ({±i∞}) = {±i∞}.
C+ is compact and hˆf is nowhere locally constant. By our extension to ±i∞,
hˆf has no isolated removable singularities. Hence hˆf is a finite type map.
Amongst the properties of finite type maps, one that is of particular interest
to us is that their domains of definition are maximal. As we see in lemma 2.2.9, this
maximality is stronger than simply not having an analytic extension: it isn’t even
possible to extend a finite type map continuously to a point on its boundary. For
our purposes, this tells us that the domains A˜ and Aˆ are maximal for lifted horn
maps and the horn map respectively.
Lemma 2.2.8 ([7, Page 91, Proposition 10]).
Let Y be a complex 1-manifold, W ⊂ Y be open and let f : W → X be a finite type
map.
Let U ⊆ Y be a connected open set with U ∩ ∂W ̸= ∅ and let V ⊂ X be a
Jordan domain with V ∩ S(f) = ∅.
Then V has infinitely many proper preimages compactly contained in U .
Lemma 2.2.9.
Let Y be a complex 1-manifold, W ⊂ Y be open let f : W → X be a finite type map.
Then f does not have a continuous extension to any point y ∈ ∂W . Hence
W is a maximal domain of f .
Proof. Let y ∈ ∂W and let (Un) be a sequence of connected open sets with
⋂
n Un = {y}.
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Let x1 and x2 be distinct points in X and let V1 ∋ x1 and V2 ∋ x2 be Jordan
domains. By lemma 2.2.8, for each j ∈ 1, 2 and each n, Vj has a proper preimage
under f contained in Un, hence f−1(xj)∩Un ̸= ∅. Thus we can find sequences (yj,n)
such that yj,n ∈ f−1(xj) ∩ Un for all j, n.
Then (y1,n) is a sequence with y1,n → y and f(y1,n)→ x1 as n→∞, whilst
(y2,n) is a sequence with y2,n → y and f(y2,n)→ x2 as n→∞.
By assumption, x1 ̸= x2. Hence f has no continuous extension to y.
Proposition 2.2.10.
Let f : D(f) → Cˆ be a holomorphic map with a simple parabolic fixed point with a
proper parabolic basin at 0.
Then the domain Aˆ ⊂ C− is a maximal domain of holomorphy of the horn
map hˆf and a domain A˜ ⊂ C is a maximal domain of holomorphy of a corresponding
lifted horn map h˜f .
Proof. By theorem 2.2.7, hˆf : Aˆ → C+ is a finite type map. Hence, by lemma 2.2.9,
Aˆ is a maximal domain of holomorphy for hˆf .
By lemma 2.2.5, hˆf ◦pi− = pi+◦h˜f . Suppose that h˜f has an analytic extension
to a neighbourhood of a point w ∈ ∂A˜. Let wˆ = pi−(w), noting that by the definition
of Aˆ, wˆ ∈ ∂Aˆ. Let Uˆ be a neighbourhood of wˆ which is evenly covered by pi− and
let U ⊂ (pi−)−1(Uˆ) be the connected component which contains w.
Without loss of generality, we can assume that h˜f extends analytically to U .
But then hˆf has an analytic extension to Uˆ , as hˆf |Uˆ = pi+ ◦ h˜f |U ◦ (pi−|U )−1. This
contradicts the maximality of Aˆ. Hence A˜ is a maximal domain for h˜f .
We conclude this section with a statement and proof of the result that the
horn map, up to an equivalence relation, uniquely determines the local analytic
conjugacy class of a simple parabolic germ. This result was originally independently
proven by Écalle and Voronin.
The version we present here is somewhat restricted by our choice to define the
horn map and lifted horn maps only for maps with a proper parabolic basin. Écalle
and Voronin’s original results applied to arbitrary parabolic germs by defining the
horn map only on a neighbourhood of {±i∞}. The same proof strategy would work
in this more general case, we would simply need to be more careful about domains
of definition.
Theorem 2.2.11.
Let f : D(f) → Cˆ and g : D(g) → Cˆ be holomorphic maps with simple parabolic
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fixed points at 0 and proper parabolic basins. Let h˜f and h˜g be lifted horn maps of
f and g respectively and let hˆf and hˆg be the horn maps of f and g respectively.
Let A˜0f denote the union of the connected components of A˜f which contain an
upper or lower half-plane and let Aˆ0f be the image of this set in pi−,f , and similarly
for g.
Then the following are equivalent:
i There exists a local analytic conjugacy χ from (f, 0) to (g, 0).
ii There exist translations T± : C→ C which satisfy T+ ◦ h˜f = h˜g ◦ T− on A˜0f .
iii There exist conformal isomorphisms φˆ± : C±,f → C±,g with φˆs(±i∞) = ±i∞ for
all s ∈ {±} which satisfy φˆ+ ◦ hˆf = hˆg ◦ φˆ− on Aˆ0f .
In the statement and proof of this theorem, the subscripts denote the map
to which the objects are related. Thus Φ˜±,f are Fatou coordinates of f whilst Φ˜±,g
are Fatou coordinates of g and so on.
Proof. To show that i) implies ii), suppose that a local analytic conjugacy χ exists.
Let Φ˜±,f and Φ˜±,g be Fatou coordinates which induce h˜f and h˜g. Then Φ˜±,f and
Φ˜±,g ◦ χ are both sets of Fatou coordinates of f , which we can assume without loss
of generality are defined on the same fat petals P±,f . Hence by theorem 2.1.15 there
exist translations T± : C→ C which satisfy T± ◦ Φ˜±,f |P±,f = Φ˜±,g ◦ χ|P±,f .
Then we have that on Φ˜−,f (P+,f ∩ P−,f ) ⊆ A˜0f
h˜g ◦ T− =Φ˜+,g ◦ Ψ˜−,g ◦ T−
=Φ˜+,g ◦ χ ◦ Ψ˜−,f
=T+ ◦ Φ˜+,f ◦ Ψ˜−,f = T+ ◦ h˜f .
The claim on all of A˜0f follows from the Uniqueness Theorem and the maximality
of A˜0f by proposition 2.2.10.
Conversely, to show that ii) implies i), if T± exist then let us define conjuga-
cies on the petals, χ± : P±,f → P±,g, by χ± = (Φ˜±,g)−1 ◦ T± ◦ Φ˜±,f . Note first that
χ± ◦ f = g ◦χ± wherever both sides are defined. Assuming that we have chosen fat
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petals for f , we observe that if z ∈ P+,f ∩ P−,f then
χ+(z) =(Φ˜+,g)
−1 ◦ T+ ◦ Φ˜+,f (z)
=(Φ˜+,g)
−1 ◦ T+ ◦ Φ˜+,f ◦ Ψ˜−,f ◦ Φ˜−,f (z)
=(Φ˜+,g)
−1 ◦ T+ ◦ h˜f ◦ Φ˜−,f (z)
=(Φ˜+,g)
−1 ◦ h˜g ◦ T− ◦ Φ˜−,f (z)
=(Φ˜+,g)
−1 ◦ Φ˜+,g ◦ Ψ˜−,g ◦ T− ◦ Φ˜−,f (z)
=(Φ˜−,g)−1 ◦ T− ◦ Φ˜−,f (z) = χ−(z).
Hence χ+|P+,f∩P−,f = χ−|P+,f∩P−,f and so we obtain a well-defined holomorphic
map χ : P+,f ∪P−,f → P+,g∪P−,g with χ|P±,f = χ±. χ extends continuously, hence
holomorphically, to 0 by χ(0) = 0. Hence χ is a local analytic conjugacy from (f, 0)
to (g, 0).
To show that ii) implies iii), recall that by lemma 2.2.5, pi+,f ◦ h˜f = hˆf ◦pi−,f
and similarly for g. Suppose that T± exist. Since the deck transformations of
pi±,f and pi±,g are integer translations, which T± commute with, T± descend to
isomorphisms φˆ± : C±,f → C±,g which satisfy pi±,g ◦ T± = φˆ± ◦ pi±,f .
Aˆf
A˜f
Cf
C
hˆf
h˜f
pi−,f pi+,f
Aˆg
A˜g
Cg
C
hˆg
h˜g
pi−,g pi+,g
φˆ−
T−
φˆ+
T+
Figure 2.5: A diagram of
showing the relations be-
tween the horn maps, lif-
ted horn maps, projecti-
ons and the maps T± and
φˆ±. The front and back
faces commute by lemma
2.2.5. Given one of T± or
φˆ±, we see as above that
we can choose the ot-
her so that the side faces
commute. Diagram cha-
sing, making use of the
face that the pi’s are co-
vering maps, then shows
that the top face com-
mutes if and only if the
bottom face commutes.
Let U ⊂ A˜0f be a small open set such that pi−,f |U is biholomorphic onto its
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image. Then
φˆ+ ◦ hˆf |pi−,f (U) =φˆ+ ◦ hˆf ◦ pi−,f ◦ (pi−,f |U )−1
=φˆ+ ◦ pi+,f ◦ h˜f ◦ (pi−,f |U )−1
=pi−,g ◦ T+ ◦ h˜f ◦ (pi−,f |U )−1
=pi−,g ◦ h˜g ◦ T− ◦ (pi−,f |U )−1
=hˆg ◦ pi+,g ◦ T− ◦ (pi−,f |U )−1
=hˆg ◦ φˆ− ◦ pi−,f ◦ (pi−,f |U )−1
=hˆg ◦ φˆ−|pi−,f (U).
Since U was arbitrary and pi−,f is a covering map and so surjective, φ+◦hˆf = hˆg ◦φˆ−
on Aˆ0f .
Finally, to show that iii) implies ii), suppose that φˆ± exist. Then there exist
lifts, T±, of φˆ± under pi±,f and pi±,g. By essentially the same diagram chase as in
the previous case, it follows that T+ ◦ h˜f = h˜g ◦ T− on A˜0f .
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Chapter 3
Basin Semi-conjugacies
3.1 Extending Local Analytic Conjugacies
In this chapter we will show how we can extend a local conjugacy between parabolic
fixed points of rational maps with simply connected basins to give a semi-conjugacy
between the immediate basins. As we remarked in the introduction, the ability
to perform such an extension is in sharp contrast to the case with attracting or
superattracting fixed points.
Intuitively, if χ is a local analytic conjugacy, defined from a neighbourhood
of a fixed point of f to a neighbourhood of a fixed point of g, we can try to extend
χ to the basin by the relation χ(z) = g◦−m ◦ χ ◦ f◦m. However in the attracting
or superattracting case we find that we typically can’t extend past a preimage of a
critical value of g. This is because the relation of being locally analytically conjugate
carries no information about the critical orbits of the two maps. Other than special
cases, such as conjugation to z 7→ λz or z 7→ zd when we know that g has no
critical points in the basin other than the fixed point, we then expect to run into
an obstructing critical point and so not be able to obtain a semi-conjugacy on the
whole basin.
In contrast to these cases, we saw in theorem 2.2.11 that the horn map and
lifted horn maps up to equivalence are local analytic conjugacy invariants. We also
saw in lemmas 2.2.1 and 2.2.2, applied in theorem 2.2.7, that the critical values of
the horn map are related to critical values of f . We therefore expect to see a relation
between the image of the critical orbits under f in χ and the critical orbits under g.
On the other hand, since Φˆ±,f ◦ f = Φˆ±,f , a horn map equivalence between
hˆf and hˆg can only determine a local analytic conjugacy up to post-composition by
iterates of g. We therefore expect to need to post-compose a local analytic conjugacy
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χ by iterates of g in order to have the critical values ‘line up’.
In practice rather using the heuristic χn = g◦n−m ◦ χ ◦ f◦m to perform an
analytic extension, we instead consider the pair of functions
χn =
(Φ˜+,g)−1 ◦ T+ ◦ Tn ◦ Φ˜+,fΨ˜−,g ◦ T− ◦ Tn ◦ (Ψ˜−,f )−1 ,
which are initially both defined on a small region in the intersection of the attracting
and repelling petals. By choosing n large enough, equivalent to post-composing χ
with a sufficient number of iterates of g, we can ensure that every point of A0f has a
neighbourhood on which at least one of these definitions is suitably well-defined. We
then perform analytic continuation along arbitrary curves and apply the Monodromy
Theorem to obtain the desired result.
Theorem 3.1.10.
Let f : D(f) → Cˆ and g : D(g) → Cˆ be holomorphic maps with simple parabolic
fixed points at 0 with proper parabolic basins.
Suppose that χ is a local analytic conjugacy from (f, 0) to (g, 0). Suppose
also that the immediate attracting basin A0f is simply connected.
Then there exists N ∈ Z such that for all n ≥ N , χn := g◦n ◦ χ|A0f extends
to an analytic semi-conjugacy from f |A0f to g|A0g .
3.1.1 Curves and Analytic Extensions
We begin with a brief overview of the theory of analytic continuation along a curve.
The theory behind our definitions, known as sheaf theory, is deep and interesting
in its own right but we will only be using a small number of results from it here.
The notion of global analytic functions provides a concrete way of talking about
multi-valued analytic functions and is also very close to our discussion, but beyond
the scope of what we need here.
Definition 3.1.1. Let X ⊆ Cˆ be a connected domain. Let (f1, x1) and (f2, x2) be
pairs, where xj ∈ X and fj is a holomorphic function defined on some neighbourhood
D(fj) ⊆ X of xj .
We say that (f1, x1) and (f2, x2) are equivalent if and only if x1 = x2 and
f1 = f2 on a neighbourhood of x1 = x2. An equivalence class under this relation
is called a germ of an analytic function, or simply a germ. It is customary to use
the notation (f, x) to denote the equivalence class, wherever this does not cause
confusion.
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We denote the set of germs on X by GX . When topologising GX we would
like to keep the germs of different holomorphic functions isolated from one another.
Our choice of topology will therefore have the property that {(f, x) ∈ GX | x = x0}
is a discrete set. On the other hand, we would like the evaluation map (f, x) 7→ f(x)
to be continuous.
Let U ⊆ X be a connected open set and let f be a holomorphic function
defined on D(f) ⊇ U . We define the set ∆fU ⊂ GX to be ∆fU := {(f, x) | x ∈ U}.
We equip GX with the topology generated by all such sets.
As a consequence of our choice of topology, the space GX has a natural pro-
jection map pi : GX → X given by pi : (f, x) 7→ x, which is a local homeomorphism.
It should be noted that it is not a covering map; given any domain U we can find a
subdomain U ′ ⊂ U and a holomorphic function f : U ′ → Cˆ which does not extend
to any point of ∂U ′. It can then been seen that ∆fU ′ is a connected component of
GX and its image under pi is strictly contained in U , so U is not evenly covered.
We are now ready to give the definition of analytic continuation along a curve.
A notable property of this definition is that if the curve γ intersects itself then the
value of the continuation need not be the same at both values at the intersection.
That is, if γ(t1) = γ(t2) we do not require that γ(t1) = γ(t2).
Definition 3.1.2. Let γ : [0, 1]→ X be a curve and let (f, x = γ(0)) be a germ.
An analytic continuation of (f, x) along γ is a curve γ : [0, 1] → GX such
that γ(0) = (f, x) and pi ◦ γ = γ.
One of the most striking properties of holomorphic functions, compared to
functions of less smoothness, is the uniqueness of analytic continuation. That is, if
U ′ ⊂ U are domains in Cˆ and f, g : U → Cˆ are holomorphic functions such that
f |U ′ = g|U ′ then f = g. The following theorem tells us that analytic continuation
along a curve preserves this uniqueness; given analytic continuations along a curve
they either agree along the whole length or never agree.
Note, however, that it is the germs which are either equal or completely dis-
tinct. It is possible that f1(x) = f2(x) but that (f1, x) ̸= (f2, x) and so γ1(t) ̸= γ2(t)
for all t ∈ [0, 1].
Theorem 3.1.3.
Let γ : [0, 1]→ X be a curve and let (f1, x) and (f2, x) be germs at x = γ(0).
Let γ1, γ2 : [0, 1] → GX be analytic continuations of (f1, x) and (f2, x),
respectively, along γ.
Then either (f1, x) = (f2, x) and γ1 = γ2 or γ1(t) ̸= γ2(t) for all t ∈ [0, 1].
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As a consequence, we may refer to the analytic continuation of (f, x) along
γ when it exists. This theorem also gives rise to the principle of the permanence of
functional relations. Suppose that f1, f2, g1, g2 are holomorphic functions such that
the compositions f1 ◦ g1 and f2 ◦ g2 are defined and equal on a neighbourhood of x.
Let γ : [0, 1] → X be a curve such that γ(0) = x. Then if there exists an analytic
continuation, γ, of (f1 ◦ g1, x) along γ then γ is also the analytic continuation of
(f2 ◦ g2, x) along γ.
The next result we bring up is the Monodromy Theorem, which gives a
sufficient condition for the analytic continuations of a germ along two curves with
the same end-points to be equal at the ends. A common application of this theorem,
which we shall be making ourselves below, is to define an analytic extension of a
function to a larger domain.
More explicitly, suppose that f is a holomorphic function defined on a domain
U and that U ⊂ V . We could attempt to define an extension of f to V by fixing a
base-point u ∈ U . Then, for each v ∈ V , let γv : [0, 1]→ V be a curve with γv(0) = u
and γv(1) = v. If an analytic continuation γ of (f, u) along γ exists then we can try
to let (f, v) = γ1(1). For this to give a well-defined function we would need to know
that γv(1) does not depend on the choice of γv. The Monodromy Theorem tells us
that if there exists an analytic continuation of (f, u) along any curve starting at u
and if V is simply connected then this is the case, and so we can define an analytic
continuation of f to V .
Theorem 3.1.4 (The Monodromy Theorem).
Let X ⊆ C be a connected domain. Let x0, x1 ∈ X and let H : [0, 1]× [0, 1]→ X be a
homotopy such that for all s ∈ [0, 1], H(0, s) = x0 and H(1, s) = x1. For s ∈ [0, 1],
let γs : [0, 1]→ X be the curve γs : t 7→ H(t, s).
Let (f0, x0) be a germ at x0 and suppose that for all s ∈ [0, 1], (f0, x0) has
an analytic continuation γs along γs.
Then there exists a germ (f1, x1) such that γs(1) = (f1, x1) for all s ∈ [0, 1].
Our intention is to perform an analytic continuation of a local analytic con-
jugacy χ along a curve starting in a petal and contained in the immediate basin. To
do so, we will need to know when we can lift a curve γ under the inverse repelling
Fatou coordinates.
Let f : D(f)→ Cˆ be a holomorphic map and consider a curve γ : [0, 1]→ Cˆ.
A lift of γ under f is a curve γ˜ : [0, 1]→ C such that f ◦ γ˜ = γ.
Recall the definition of an asymptotic value of f .
Definition 3.1.5. Let f : D(f)→ Cˆ be a holomorphic function.
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We say that a point y ∈ Cˆ is an asymptotic value of f if there exists a curve
γ˜ : [0, 1)→ D(f) such that
i f ◦ γ˜(t)→ y as t→ 1, and
ii for all compact sets K ⊆ D(f), there exists t0 such that γ˜(t) /∈ K for all t > t0.
In this case, we say that the curve γ(t)→∞ relative to D(f).
Lemma 3.1.6.
Let f : D(f) → Cˆ be a holomorphic function and let γ : [0, 1] → Cˆ be a curve.
Suppose that γ([0, 1]) does not intersect the set of asymptotic values of f .
Then for any x0 ∈ f−1(γ(0)) there exists a lift of γ under f , γ˜, such that
γ˜(0) = x0.
Proof. Let x0 ∈ f−1(γ(0)) be fixed and consider the set
S =
{
s ∈ [0, 1]
∣∣∣ For all r ≤ s there exists a lift γ˜ of γ|[0,r] with γ˜(0) = x0and every such lift extends to a lift of γ|[0,s]
}
.
Note first that since {0} = [0, 0] and 0 7→ x0 is a lift of γ|[0,0], 0 ∈ S and so S is
non-empty. Also S is connected, since if r < s′ < s then any lift of γ|[0,r] which
extends to [0, s] can be restricted to a lift of γ|[0,s′] and hence s′ ∈ S.
Now, suppose that s ∈ S and let γ˜ be a lift of γ|[0,s] with γ˜(0) = x0. Let
x = γ˜(s) and y = γ(s), so that f(x) = y. Since f is holomorphic, there exist
neighbourhoods U ∋ x and V ∋ y such that f : U\x→ V \y is a degree degx(f) <∞
covering map. By continuity of γ, there exists a relatively open interval I ⊆ [0, 1]
of s such that γ(I) ⊂ V . Hence there exists a lift γ˜ of γ|I such that γ˜(t) = x for all
t ∈ γ−1(y) ∩ I. Therefore γ˜ extends to a lift of γ|[0,s]∪I with γ˜(0) = x0 and hence
[0, s] ∪ I ⊆ S, so S is open in [0, 1].
Suppose instead that [0, s) ⊆ S. Let s1 < s2 < . . . be an increasing sequence
of points in S which converges to s. By definition of S, there exists a lift of γ|[0,s1].
Moreover, any lift of γ|[0,sk] extends to a lift of γ|[0,sk+1]. By inductively taking an
infinite sequence of such compatible partial lifts we obtain a lift γ˜ of γ|[0,s).
Let y = γ(s), so that f ◦ γ˜(t) → y as t → s. By assumption, y is not an
asymptotic value of f , so there exists a compact set K ⊂ D(f) with γ˜(t) ∈ K for all
t ∈ [0, s). Therefore, γ˜(t) has an accumulation point x ∈ K as t → s and f(x) = y
be continuity.
As before, there exist neighbourhoods U ∋ x and V ∋ y such that the
restriction f : U \ x → V \ y is a degree degx(f) < ∞ covering map. Further, we
49
may choose U and V such that U is relatively compact in D(f), f(∂U) = ∂V and
f−1(y) ∩ U = {x}. Since f ◦ γ˜(t) = γ(t) → y as t → s, there exists ϵ > 0 with
γ(t) ∈ V for all t ∈ (s − ϵ, s) and hence γ˜(t) ∈ U for all t ∈ (s − ϵ, s). But U is
compact and hence the accumulation set of γ˜(t) as t→ s is contained in f−1(y)∩U .
U ∩ f−1(y) = {x} by assumption, hence γ˜(t)→ x as t→ s. Therefore γ˜ extends to
a lift of γ|[0,s] by setting γ˜(s) = x and so s ∈ S, hence S is closed in [0, 1].
S is open and closed in [0, 1], 0 ∈ S so S is non-empty and [0, 1] is connected.
Hence S = [0, 1] and so there exists a lift, γ˜ of γ with γ˜(0) = x0. Since x0 ∈ f−1(γ(0))
was arbitrary, the result follows.
Recall from lemma 2.2.2 that if Ψ˜− : A˜ → A ⊂ Cˆ is an extended inverse
repelling Fatou coordinate of a parabolic fixed point with a proper parabolic basin
then Ψ˜− has no asymptotic values. Therefore by lemma 3.1.6, if γ : [0, 1] → A is
a curve with γ(0) ∈ P− then there exists a lift of γ under Ψ˜−, γ˜ : [0, 1] → A˜, such
that γ˜(0) = Φ˜−(γ(0)).
3.1.2 Analytic Continuation of Local Conjugacies Along Curves
Let us now suppose that f : D(f) → Cˆ and g : D(g) → Cˆ are holomorphic maps
with simple parabolic fixed points at 0 with proper parabolic basins. Suppose that
χ : (Cˆ, 0) → (Cˆ, 0) is a local analytic conjugacy from (f, 0) to (g, 0). At this point
we will use subscripts to distinguish objects referring to f and those referring to g,
so Φ˜±,f are Fatou coordinates for f and so on.
Let D(χ) be an open domain containing 0 on which χ is defined. Then
we can find fat petals P±,f of f at 0 such that P±,f ⊂ D(χ). Further, since
χ : D(χ)→ χ(D(χ)) is a conjugacy from (f, 0) to (g, 0), we see that χ(P±,f ) =: P±,g
are fat petals of g at 0. Therefore, in what follows we may assume without loss of
generality that χ is well-defined on P±,f and that χ(P±,f ) = P±,g.
Our first step in extending χ to a semi-conjugacy is to find out how ‘out of
step’ the orbits of f and g are. We know that points on a critical orbit of f are
mapped onto points of a critical orbit of g, since they have the same horn map, but
we need to find out where the critical points lie along the two orbits relative to one
another.
This key observation is central to the proof of our main result. In particular,
the value of N which we obtain from this lemma will be used in Lemma 3.1.8,
Proposition 3.1.9 and Theorem 3.1.10.
Lemma 3.1.7 (Key Lemma).
Let f : D(f)→ Cˆ and g : D(g)→ Cˆ be holomorphic maps with simple parabolic fixed
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points at 0 with proper parabolic basins. Suppose that χ is a local analytic conjugacy
from (f, 0) to (g, 0).
Then there exists N ∈ Z with the following property:
If {. . . , x−1, x0, x1, . . .} ⊂ Af is a bi-infinite orbit under f contained in Af and
{. . . , x′−1, x′0, x′1, . . .} ⊂ Ag is a bi-infinite orbit under g contained in Ag such that
for some n+ ∈ Z and all n ≥ n+ it is the case that χN (xn) = x′n, where χN := g◦N◦χ,
then
i if xn0 is a critical point of f then degx′n(g) = 1 for all n ≥ n0,
ii if x′n′0 is a critical point of g then degxn(f) = 1 for all n ≤ n
′
0.
x−3
x′−5
b
×
x−2
x′−4
b
×
x−1
x′−3
×
b
x0
x′−2
b
×
x1
x′−1
×
b
x2
x′0
b
b
x3
x′1
×
b
Figure 3.1: An illustration how the critical points might arranged in the two orbits
in lemma 3.1.7 for N = 2. Here, the crosses indicate critical points and the circles
indicate regular points. The orbit (xn) has no critical points before x−1 and the
orbit (x′n′) has no critical points after x′−2.
Proof. Let h˜f = Φ˜+,f ◦ Ψ˜−,f |A˜f be a lifted horn map of f . By lemmas 2.2.1 and
2.2.2, w ∈ C is a singular value of h˜f if and only if Φ˜−1+,f (w) is contained in a critical
grand orbit of f . Recall that if h˜g = Φ˜+,g ◦ Ψ˜−,g|A˜g and T± are the translations
from theorem 2.2.11 then we have that T+ ◦ h˜f = h˜g ◦T−. Hence w ∈ C is a singular
value of h˜f if and only if T+(w) is a singular value of h˜g. Therefore z ∈ P+,f lies
in a critical grand orbit of f if and only if χ(z) lies in a critical grand orbit of g.
Further, since f is injective on P+,f and g is injective of P+,g, χ maps points from
distinct grand orbits of f to points of distinct grand orbits of g.
By assumption, f has a proper parabolic basin at 0 and soAf contains finitely
many critical points of f . Hence each critical grand orbit in Af contains finitely
many critical points and there are finitely many critical grand orbits. Therefore we
can find a finite set of post-critical points P belonging to pairwise disjoint critical
grand orbits such that for any critical point c ∈ Af of f , there exists a unique p ∈ P
and m ∈ Z>0 such that f◦m(c) = p. If f◦m(c) = p then f◦m+k(c) = f◦k(p) for any
k ∈ Z≥0 and so we may assume without loss of generality that P ⊂ P+,f . By the
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previous discussion, if p ∈ P then χ(p) lies in a critical grand orbit of g. Further,
distinct p’s lie in distinct critical grand orbits and every critical grand orbit of g
contains some χ(p). Again without loss of generality we may replace each p by some
forward iterate in order to assume that for any critical point c′ of g there exists
p ∈ P and m ∈ Z>0 such that g◦m(c′) = χ(p).
Then we define N ∈ Z>0 to be
N = 1 +max
{
m ∈ Z>0
∣∣∣∣∣ f◦m(c) = p for some p ∈ Pand some critical point c ∈ GO(p)
}
.
Now, suppose that {xn} is a bi-infinite orbit under f and that {x′n} is a bi-
infinite orbit under g as in the hypotheses. If either {xn} or {x′n} does not contain
a critical point then there is nothing to prove. Otherwise, suppose that xn0 is a
critical point of f and that x′n′0 is a critical point of g for some n0, n
′
0 ∈ Z. Then
for some n1 > n0, xn1 = p ∈ P . By our choice of N , n1 − n0 < N . Also, since x′n′0
is a critical point of g on the same grand orbit as χ(p), χ(p) = x′n1−N and hence
n′0 < n1 −N . By re-indexing if necessary, we can assume without loss of generality
that n1 = 0.
Then we have that −n0 < N < −n′0 and so n′0 < n0. Hence, if n ≥ n0 then
x′n is not a critical point of g and so degx′n(g) = 1. Also, if n ≤ n′0 then xn is not a
critical point of f and so degxn(f) = 1.
The following lemma then allows us to perform the analytic continuation
along a curve. It tell us that for every x ∈ A0f there exists a neighbourhood U such
that at least one of the following is true:
i All branches of Ψ˜−,g ◦ TN ◦ T− ◦ (Ψ˜−,f )−1 are well-defined and holomorphic on
U .
ii All branches of (Φ˜+,g)−1 ◦ TN ◦ T+ ◦ Φ˜+,f are well-defined and holomorphic on
U .
We could also choose to remove all mention of Fatou coordinates from the
statement of the lemma; N is chosen such that for all x ∈ Af at least one of the
following is true:
i x does not lie in the post-critical set of f . That is, there does not exist a critical
point c ∈ Af of f and m ∈ Z>0 such that f◦m(c) = x.
ii If m0 ≥ N and f◦m0(x) ∈ P+,f then
⋃∞
m=m0
⋃m−N
k=0 g
−k({χ ◦ f◦m(x)}) contains
no critical points of g.
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Lemma 3.1.8.
Let f : D(f)→ Cˆ and g : D(g)→ Cˆ be holomorphic maps with simple parabolic fixed
points at 0 with proper parabolic basins. Suppose that χ is a local analytic conjugacy
from (f, 0) to (g, 0).
Then there exists N ∈ Z such that if Φ˜±,f are Fatou coordinates for f , Φ˜±,g
are Fatou coordinates for g and T± : C → C are the translations which satisfy
Φ˜±,g ◦ χ = T± ◦ Φ˜±,f then every x ∈ Af has a neighbourhood U such that at least
one of the following is true:
i U is evenly covered by Ψ˜−,f , or
ii T+ ◦ TN ◦ Φ˜+,f (U) is evenly covered by Φ˜+,g.
Proof. Let N ∈ Z be as in lemma 3.1.7 and let x ∈ Af . By lemma 2.2.2, if x is
not a post-critical point then there exists a neighbourhood U such that U is evenly
covered by Ψ˜−,f . Now, suppose that x is a post-critical point of f , so that there
exists a critical point c of f and m ∈ Z>0 such that f◦m(c) = x. Let {xn} be a
bi-infinite orbit under f with x0 = x and x−m = c.
Let v′ = T+ ◦ TN ◦ Φ˜+,f (x) and let x′ ∈ Φ˜−1+,g(v′). Let {x′n} be a bi-infinite
orbit with x′N = x′. Then {xn} and {x′n} satisfy the hypotheses of lemma 3.1.7.
x−m is a critical point of f and m > 0, hence x′n is not a critical point of g for
all n ≥ N and so x′ = x′N is not a pre-critical point of g. Since x′ ∈ Φ˜−1+,g(v′) was
arbitrary, Φ˜−1+,g(v′) contains no pre-critical points of g and hence, by lemma 2.2.1,
v′ has a neighbourhood V ′ which is evenly covered by Φ˜+,g. Thus, taking U to be
the connected component of (T+ ◦ TN ◦ Φ˜+,f )−1(V ′) which contains x, we see that
ii) holds.
We are now able to perform the analytic continuation of χN .
Proposition 3.1.9.
Let f : D(f)→ Cˆ and g : D(g)→ Cˆ be holomorphic maps with simple parabolic fixed
points at 0 with proper parabolic basins. Suppose that χ is a local analytic conjugacy
from (f, 0) to (g, 0).
Then there exists N ∈ Z such that if x0 ∈ P+,f ∩ (f |P−,f )◦−N (P−,f ) and
γ : [0, 1]→ Af is a curve with γ(0) = x0 then there exists an analytic continuation
of (χN := g◦N ◦ χ, x0) along γ.
Proof. Let N be as in lemma 3.1.8. Notice that since g is injective on a neighbour-
hood of 0, χN is also a local analytic conjugacy from (f, 0) to (g, 0). Further, if we
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let Φ˜±,f and Φ˜±,g be Fatou coordinates and T± be the translations which satisfy
Φ˜±,g ◦ χ = T± ◦ Φ˜±,f then we have that
Φ˜±,g ◦ χN =Φ˜±,g ◦ g◦N ◦ χ
=TN ◦ Φ˜±,g ◦ χ = TN ◦ T± ◦ Φ˜±,f .
Therefore, by replacing χ with χN and T± with T± ◦ TN , we can assume without
loss of generality that N = 0.
Let S ⊆ [0, 1] be the set of s ∈ [0, 1] such that there exists an analytic con-
tinuation of (χ, x0) along γ|[0,s]. We denote such an extension by γ : t 7→ (χt, γ(t)).
Then 0 ∈ S, since 0 7→ (χ, x0) is the trivial continuation along γ|[0,0].
Suppose that s ∈ S. Let U = D(χs) and let I be the connected component
of γ−1(U) which contains s. Then t 7→ (χs, γ(t)) is an analytic continuation of
(χs, γ(s)) along γ|I and so the concatenation
γ : t 7→
γ(t) if t ∈ [0, s](χs, γ(t)) if t ∈ I
is an analytic continuation of (χ, x0) along γ|[0,s]∪I . Therefore [0, s] ∪ I ⊂ S and so
S is open.
Suppose instead that [0, s) ⊆ S and consider the point γ(s). By lemma 3.1.8,
γ(s) has a neighbourhood U such that
i U is evenly covered by Ψ˜−,f : A˜0f → A0f , or
ii T+ ◦ Φ˜+,f (U) = V ′ is evenly covered by Φ˜+,g : A0g → C.
In the first case, by lemmas 2.2.2 and 3.1.6 there exists a curve γ˜ : [0, s]→ A˜0f which
satisfies Ψ˜−,f ◦ γ˜ = γ|[0,s] and γ˜(0) = Φ˜−,f (x0) ∈ Ψ˜−1−,f (x0). LetW ⊂ Ψ˜−1−,f (U) be the
connected component which contains γ˜(s). Then Ψ˜−,f |W : W → U is biholomorphic
and so we can define χs := Ψ˜−,g ◦ T− ◦ (Ψ˜−,f |W )−1.
Let t ∈ γ˜−1(W )∩[0, s). Since (χ◦Ψ˜−,f , Φ˜−,f (x0)) = (Ψ˜−,g◦T−, Φ˜−,f (x0)), by
the permanence of functional relations (χt◦Ψ˜−,f , γ˜(t)) = (Ψ˜−,g◦T−, γ˜(t)). Therefore
(χt, γ(t)) =(χt ◦ Ψ˜−,f ◦ (Ψ˜−,f |W )−1, γ(t))
=(Ψ˜−,g ◦ T− ◦ (Ψ˜−,f |W )−1, γ(t)) = (χs, γ(t)),
hence γ(t) ∈ ∆χsU . Since t was arbitrary, s 7→ (χs, γ(s)) gives an extension of the
analytic continuation of (χ, x0) along γ|[0,s) to [0, s].
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In the second case, let s′ ∈ [0, s) such that γ([s′, s]) ⊂ U . Let U ′ denote
the connected component of Φ˜−1+,g(V ′) which contains χs′(γ(s′)) and define χs by
χs := (Φ˜+,g|U ′)−1 ◦ T+ ◦ Φ˜+,f |U .
Let t ∈ (s′, s). Then similar to before, since (Φ˜+,g◦χ, x0) = (T+◦Φ˜+,f , x0), by
the permanence of functional relations (Φ˜+,g◦χt, γ(t)) = (T+◦Φ˜+,f , γ(t)). Therefore
(χt, γ(t)) =((Φ˜+,g|U ′)−1 ◦ Φ˜+,g ◦ χt, γ(t))
=((Φ˜+,g|U ′)−1 ◦ T+ ◦ Φ˜+,f , γ(t)) = (χs, γ(t)),
hence γ(t) ∈ ∆χsU . Since t was arbitrary, s 7→ (χs, γ(s)) gives an extension of the
analytic continuation of (χ, x0) along γ|[0,s) to [0, s].
In either case, we see that s ∈ S and hence S is closed. Thus S is an open,
closed, non-empty subset of [0, 1], which is connected. Hence S = [0, 1] and so
(χ, x0) has an analytic continuation along γ.
3.1.3 Basin Semiconjugacies
We are now ready to prove the main theorem of this thesis. We have shown that
we can extend the local conjugacy χN along arbitrary curves in the basin, so we
apply the Monodromy Theorem to conclude that χN extends to a holomorphic map
between basins. The uniqueness of analytic continuation ensures that the resulting
map is a semi-conjugacy.
As we mentioned when we introduced the Monodromy Theorem, our appro-
ach restricts us to assuming that the immediate basin of f is simply connected, so
as to avoid the possibility that an analytic continuation around a closed loop could
take different values at the start and end. Weakening this assumption could be a
subject of possible further research.
Theorem 3.1.10 (Main Theorem).
Let f : D(f) → Cˆ and g : D(g) → Cˆ be holomorphic maps with simple parabolic
fixed points at 0 with proper parabolic basins.
Suppose that χ is a local analytic conjugacy from (f, 0) to (g, 0). Suppose
also that the immediate attracting basin A0f is simply connected.
Then there exists N ∈ Z such that for all n ≥ N , χn := g◦n ◦ χ|A0f extends
to an analytic semi-conjugacy from f |A0f to g|A0g .
Proof. N ∈ Z be as in proposition 3.1.9 and let x0 ∈ P+,f ∩ (f |P−,f )◦−N (P−,f ). Let
x ∈ A0f and let γx : [0, 1]→ A0f be a curve with γx(0) = x0 and γx(1) = x.
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Figure 3.2: An illustration of the proof of proposition 3.1.9. By our choice of N ,
for all s ∈ [0, 1] at least one of Ψ˜−,f |W : W → U or Φ˜+,g|U ′ : U ′ → V ′ is biholomor-
phic. Thus we can define χs : U → U ′ by either χs = Ψ˜−,g ◦ T− ◦ (Ψ˜−,f |W )−1 or
χs = (Φ˜+,g|U ′)−1 ◦ T+ ◦ Φ˜+,f .
By proposition 3.1.9, there exists an analytic continuation, γx, of (χN , x0)
along γx. Since A0f is simply connected and γx was arbitrary, by the Monodromy
Theorem γx(1) does not depend on the choice of γx. Hence, since x ∈ A0f was
arbitrary, χN has an analytic extension to all of A0f given by (χN , x) = γx(1).
Since χN satisfies χN ◦ f = g ◦χN on the open set P+,f ∩ (f |P−,f )◦−N (P−,f ),
χN ◦ f |A0f = g|A0g ◦ χN and so χN is a semi-conjugacy from f |A0f to g|A0g . Finally,
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we note that if n > N then χn = g◦n−N ◦ χN and so
χn ◦ f =g◦n−N ◦ χN ◦ f
=g◦n−N ◦ g ◦ χN
=g ◦ g◦n−N ◦ χN = g ◦ χn.
As a first application of this theorem, we show that if the basins of both f
and g are proper and simply connected then deg f |A0f = deg g|A0g . To do this we
show that we can extend both g◦N ◦ χ and f◦N ′ ◦ χ−1 to a pair of mutual semi-
conjugacies. These semi-conjugacies will both be proper and so have a well-defined
finite degree. The relation χN ◦ f = g ◦ χN then tells us that f and g have equal
degree when restricted to their respective immediate basins.
In particular, we can apply this result when f and g can both be restricted to
polynomial-like maps whose domain of definition contains the parabolic fixed point
0, since then the immediate basin is necessarily simply connected.
Corollary 3.1.11.
Let f : D(f) → Cˆ and g : D(g) → Cˆ be holomorphic maps with simple parabolic
fixed points at 0 with proper parabolic basins.
Suppose that there exists a local analytic conjugacy from (f, 0) to (g, 0). Sup-
pose further that both immediate attracting basins A0f and A0g are simply connected.
Then there exists N ∈ Z such that for all n ≥ N , χn,+ := g◦n ◦ χ and
χn,− := f◦n ◦ χ−1 can be extended to a proper analytic semi-conjugacies from f |A0f
to g|A0g and from g|A0g to f |A0f respectively.
Hence deg f |A0f = deg g|A0g .
Proof. Consider the local analytic conjugacies χ from (f, 0) to (g, 0) and χ−1 from
(g, 0) to (f, 0). By theorem 3.1.10 there exist N+, N− ∈ Z such that χ+ := g◦N+ ◦χ
and χ− := f◦N− ◦ χ−1 extend to holomorphic semi-conjugacies from f |A0f to g|A0g
and from g|A0g to f |A0f respectively.
Now, consider the composition χ−◦χ+ : A0f → A0f . Then, on the intersection
P+,f ∩ f◦−(N++N−)(P−,f ) we have that
χ− ◦ χ+ =f◦N− ◦ χ−1 ◦ g◦N+ ◦ χ
=f◦N−+N+ ◦ χ−1 ◦ χ
=f◦N−+N+ .
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Therefore χ− ◦χ+ = f◦N−+N+ |A0f . By assumption, f
◦N−+N+ |A0f is proper and hence
χ− and χ+ are both proper. Thus they have a well-defined finite degree.
χ+ ◦ f |A0f = g|A0g ◦ χ+ and so deg(χ+ ◦ f |A0f ) = deg(g|A0g ◦ χ+). Hence
deg(χ+) deg(f |A0f ) = deg(g|A0g) deg(χ+) and so deg(f |A0f ) = deg(g|A0g).
3.2 Topics for Further Research
In this final section, we discuss potential topics for further research. We divide
our conjectures into two categories. In the first subsection we discuss how theorem
3.1.10 could be extended to give more information about the cases which our present
result covers. We consider how we might extend to a global relation when the maps
involved are rational and also how getting a sharper minimum for the degree of the
semi-conjugacy would reflect on possible pairs of f and g.
In the second subsection we discuss how we might be able to construct basin
semi-conjugacies between wider classes of maps. We consider how limitations of our
current approach apply when the basin is multiply connected, when the maps f and
g are finite type and when they are more general analytic maps.
3.2.1 From Local Conjugacies to Global Properties
We begin by restricting to the case when f and g are rational maps. The following
lemma arises as a slight modification of Lemmas 2 and 3 in Buff and Epstein [5].
Lemma 3.2.1.
Let f and g be rational maps. Let Ωf be a forward invariant Fatou component of f
and Uf be an open set with Uf ∩ f(Uf ) ∩ ∂Ωf ̸= ∅ and similarly for Ωg, Ug.
Suppose there exists a holomorphic semi-conjugacy χ : Ωf ∪ Uf → Ωg ∪ Ug
from f |Ωf∪Uf to g|Ωg∪Ug .
Then χ has an analytic extension from a neighbourhood of Ωf to a neighbour-
hood of Ωg.
We now consider Theorem 1 of Inou [9, Theorem 1].
Theorem 3.2.2.
For i = 1, 2, let fi be a rational map or an entire map. Assume that there exist
polynomial-like restrictions fi : U ′i → Ui of degree not less than two which are
analytically conjugate. Then there exist rational or entire maps g, φ1, φ2 such that
for i ∈ {1, 2}
fi ◦ φi = φi ◦ g
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and g has a polynomial-like restriction g : V ′ → V analytically conjugate to
f1 : U
′
1 → U1 by φ1.
Furthermore,
• if both degrees di = deg fi are finite then g, φ1 and φ2 are also finite of finite
degrees. In particular, d1 = d2.
• If f1 is a polynomial and f2 is a rational map, then f2 is Möbius conjugate to
a polynomial and after this conjugation so are g, φ1 and φ2.
Notice that our extension from lemma 3.2.1 may well not be polynomial-like.
However, we conjecture that the following alternative condition suffices; the map h
must have a Fatou component which is not equal to the whole space on which it is
defined, from which we can eliminate possibilities in a similar manner to Section 3
of Inou [9].
Conjecture 3.2.3.
Let f and g be rational maps. Let Ωf be a forward invariant Fatou component of f
and Uf ⊃ Ωf be an open set, and similarly for Ug ⊃ Ωg ⊃ Ωg.
Suppose that there exists a proper holomorphic semi-conjugacy χ : Uf → Ug.
Then there exist rational maps h, χf and χg and an open set U ⊂ Cˆ such
that
i f ◦ χf = χf ◦ h and g ◦ χg = χg ◦ h,
ii χf |U is a proper map from U to Uf and similarly for χg|U : U → Ug, and
iii χ ◦ χf |U = χg|U .
There being semi-conjugacies from h to f and from h to g induces a many-
to-many conjugacy-like relationship from f to g. Of interest is also the fact that
since h, χf and χg are all rational they have finite degree and hence deg f = deg g.
We can apply this conjecture to the setting of Theorem 3.1.10 by noting that
χn is defined on A0f ∪D(χ) and that 0 ∈ D(χ)∩ f(D(χ))∩ ∂A0f , so this intersection
is non-empty. Applying the previous two conjectures then yields a pair of global
semi-conjugacies from h to f and g respectively.
One of the original motivating examples for the entire discussion of semi-
conjugacies between parabolic basins came in the form of pairs h1 ◦ h2 ̸= h2 ◦ h1. If
both h1 and h2 fix 0 with multiplier λ ̸= 0 and 1/λ respectively then h1 ◦ h2 and
h2 ◦ h1 have locally conjugate parabolic fixed points at 0. If deg(h1), deg(h2) > 1
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then h1 ◦ h2 and h2 ◦ h1 need not be analytically conjugate, but they are semi-
conjugate, since h2 ◦ (h1 ◦ h2) = (h2 ◦ h1) ◦ h2. We conjecture that this is the only
way that two maps f and g with locally conjugate parabolic fixed points can fail to
be conjugate and propose a proof strategy to show it.
Recall from the proof of corollary 3.1.11 that if χ+ is an extension of g◦N+ ◦χ
and χ− is an extension of f◦N− ◦ χ− then χ− ◦ χ+ = f◦n|A0f for some n ∈ Z≥0.
Therefore, if both deg(χ+) < deg(f) = deg(g) and deg(χ−) < deg(f) then it follows
that deg(χ− ◦ χ+) = deg(f)n < deg(f)2. Hence either χ− ◦ χ+ = Id and so χ+ is a
conjugacy, or else χ− ◦ χ+ = f .
Our approach would be to try to improve the choice of N in proposition 3.1.9
in light of the following lemma.
Lemma 3.2.4.
Let k, d ∈ Z≥1 and let φ : D → D be a univalent holomorphic map fixing 0. Let
Pd : z 7→ zd be the dth power map.
Then there exists a holomorphic map φ˜ : D → D such that the following
diagram commutes:
D φ˜ //
Pkd

D
Pd

D
φ
// D
.
Observe that if z ∈ f◦−N (P−,f ) ∩ A0f and n ∈ Z≥0 then the local degrees of
f and g satisfy degz(f◦n) ≤ degχN (z)(g◦n). Moreover, f◦n(z) is a critical point of
χN if and only if degz(f◦n) < degχN (z)(g◦n). By choosing N minimal, so that the
former inequality is satisfied for all z and n we minimise the degree of χN .
3.2.2 Basin Semi-conjugacies on a Wider Class of Maps
Our restriction to simply connected domains allowed us to apply the Monodromy
Theorem in the simplest possible way. In order to extend the result to multiply
connected domains we would need to make use of the following lemma.
Lemma 3.2.5.
Let U ⊂ V ⊆ C be planar domains and let f : U → Cˆ be a holomorphic function
defined on U . Let z0 ∈ U .
Suppose that for all closed loops γ : [0, 1]→ V with γ(0) = γ(1) = z0
i there exists an analytic continuation γ of (f, z0) along γ and
ii γ(1) = (f, z0).
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Then there exists an analytic extension of f to V .
Notice that the Monodromy Theorem says that condition ii) is redundant
when V is simply connected.
Recall that for any two path-connected topological space X and Y and a
continuous map f : X → Y , f induces a homomorphism of fundamental groups
pi1(f) : pi1(X,x0) → pi1(Y, f(x0)). Of interest to us is the fact that the image of
pi1(f) gives the homotopy classes of the images of loops in X.
By the permanence of functional relations, if Ψ˜−,f ◦ γ˜ = γ is a closed loop
based at x0 ∈ P+,f ∩ (f |P−,f )◦−N (P−,f ) and the analytic continuation γ of (χN , x0)
along γ exists then γ(1) = γ(0). Thus we arrive at the following conjecture.
Conjecture 3.2.6.
Let f : D(f) → Cˆ and g : D(g) → Cˆ be holomorphic maps with simple parabolic
fixed points at 0 with proper parabolic basins.
Let Ψ˜−,f be an inverse repelling Fatou coordinate of (f, 0), x0 ∈ P+,f ∩P−,f
and w0 = Φ˜−,f (x0).
Suppose that χ is a local analytic conjugacy from (f, 0) to (g, 0). Suppose
also that the induced homomorphism of fundamental groups
pi1(Ψ˜−,f ) : pi1(A˜0f , w0)→ pi1(A0f , x0)
is surjective.
Then there exists N ∈ Z such that for all n ≥ N , χn := g◦n ◦ χ|A0f extends
to an analytic semi-conjugacy from f |A0f to g|A0g .
We see from the definition of Ψ˜−,f that pi1(Ψ˜−,f ) is surjective if and only
if pi1(f |A0f ) is surjective. This suggests that pi1(Ψ˜−,f ) is surjective away from some
exceptional maps which satisfy some condition on a component of Cˆ \ A0f having
preimages exclusively mapped by degree > 1. However, we do not currently know
the precise nature of such a condition or if it is even possible that pi1(Ψ˜−,f ) is not
surjective.
Finally, we shall say a few words about how far we believe these arguments
could possibly be generalised.
Our first consideration would be finite type maps. If the restriction f |A0f
has asymptotic values in the immediate basin then so will Ψ˜−,f . This presents a
problem in that we can no longer apply lemma 3.1.6 to obtain a lift of an arbitrary
curve γ : [0, 1]→ A0f .
61
Lemmas 2.2.1 and 2.2.2 would need to change substantially in order to also
account for asymptotic values of Ψ˜−,f and Φ˜+,f . On the other hand, we conjecture
that by modifying the proof of lemma 3.1.7 to also offset the asymptotic values both
it and lemma 3.1.8 hold.
We further conjecture that since the asymptotic values of f are isolated it
follows that an asymptotic value x of Ψ˜−,f has a neighbourhood U with a preimage
component W conformally isomorphic to a half-plane. Thus if γ(s) = x and γ˜ is
a lift of γ|[0,s) then whilst we might not be able to define γ˜(s), we can still define
γ˜|[0,s+ϵ]\{s}.
If the analytic continuation γ were defined on [0, s + ϵ] then we would still
have that (χt ◦ Ψ˜−,f , γ˜(t)) = (Ψ˜−,g ◦ T−, γ˜(t)) for all t such that both sides are
defined. Thus we can maintain the permanence of functional relations which was
the key component in the proof of proposition 3.1.9. Notice also that since γ([0, 1])
is compact the fact that Φ˜+,f has asymptotic values has not effect on the proof.
The furthest we might be able to extend our result is to the class of entire
functions whose set of singular values is discrete. In this setting lemmas 3.1.7 and
3.1.8 no longer holds. However, if we instead include the existence of an N such
that lemma 3.1.8 holds in the hypotheses on f and g then we can carry out the rest
of the argument as above.
Finally, if the singular value set of f |A0f is not discrete in A
0
f then we lose
all control of the covering properties of Φ˜+,f and Ψ˜−,f . We do not expect that any
variation on the argument given could be adapted to this setting.
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Appendix A
The Cubic Connectedness Locus
is not Locally Connected
In this appendix we present Lavaurs’ proof that the cubic connectedness locus is not
locally connected. This result provides an application of the generality with which
we worked in section 2.2. The result is well known, but to our knowledge the proof
is only available in French [12].
The conjecture that the Mandelbrot set, which is the quadratic connectedness
locus, is locally connected has many significant consequences. If it were true then
by a theorem of Carathéodory the Riemann map ψ : C\D→ C\M would extend to
a continuous map S1 → ∂M. From such an extension one could build a topological
model M ≃ D/ ∼, where the relation ∼ collapses down the convex hull of ψ−1(z)
for each z ∈ ∂M.
The set of points for which ψ−1(z) is not a single point is combinatorially
well-understood, so if the Mandelbrot set is locally connected then we could study
the topology of the Mandelbrot set in terms of a comparatively well-understood
and simple model. In particular, by a theorem of Douady and Hubbard [6], if the
Mandelbrot set is locally connected then hyperbolic quadratic polynomials are dense
in the the space of quadratic polynomials.
By contrast, in higher degrees, and so higher dimension parameter spaces,
the implication that local connectivity implies density of hyperbolicity is false. Thus
whilst this result in degree 3 provides an interesting contrast with the conjecture
that the Mandelbrot set is locally connected, it has no deeper consequences on the
structure of the parameter space of cubic polynomials.
We structure this appendix as follows. We begin by defining the space Polyd
of degree d polynomials, the quotient space polyd and the connectedness locus Cd.
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We also define the notion of a topological space being locally connected.
In the second we present a brief overview of the theory of parabolic implosion.
As we remarked before, proposition 2.1.13 allows us to define Fatou coordinates for
maps which are appropriately close to being parabolic. From here we develop the
concept of Lavaurs maps and enriched dynamical systems, which can be considered
to be limits of suitable sequences of maps tending towards a map with a parabolic
fixed point.
In the third section we present the proof itself. We show that we can find
a cubic polynomial Pa0 with a parabolic fixed point and a family of Lavaurs maps
ζ 7→ gζ , with ζ ∈ D, such that (Pa0 , g0) has a generalised superattracting periodic
point but J(Pa0 , gζ) is not connected for all ζ ∈ S1. From this we are able to deduce
first that parameter slices through Pa0 have non-locally connected connectedness
locus at Pa0 . From there, we further show that the full connectedness locus is not
locally connected at Pa0 .
A.1 The Cubic Connectedness Locus
A.1.1 Spaces of Polynomials
Let d ∈ Z≥2. We define Polyd to be the space set of degree d polynomials with
complex coefficients, so that
Polyd = {a0 + a1z + . . .+ adzd | a0, . . . , ad ∈ C} ∼= Cd × C∗.
To any polynomial P = a0 + a1z + . . . + adzd ∈ Polyd we can naturally associate
the map z 7→ a0 + a1z + . . . + adzd. In what follows, we shall make no distinction
between the formal polynomial and the associated polynomial map.
As we are interested in studying the dynamics of polynomial maps we are
not interested in distinguishing between polynomials with the same dynamics. To
that end, we define the equivalence relation ∼ on Polyd by P ∼ Q if and only if
there exists an affine map φ : z 7→ az + b such that φ ◦ P = Q ◦ φ, which we express
as P φ∼ Q. We define the quotient space polyd to be Polyd / ∼.
The quotient space polyd is Hausdorff and locally compact. However if d > 2
then there exist P ∈ Polyd such that P φ∼ P , where φ ≠ Id. Then it follows that
for a closed neighbourhood U of P , {(P,Q) ∈ U × U | P ∼ Q} is not a closed
submanifold of Polyd×Polyd and so the quotient map pi : Polyd → polyd does not
endow polyd with a complex manifold structure.
To avoid this difficulty, we will typically study a slice S ⊂ Polyd such that
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S is a complex manifold and pi|S : S → polyd is surjective and finite-to-one. A
common choice, although not the one we shall be making, is to consider the set
of monic, centred polynomials; those for which the coefficient of zd is 1 and the
coefficient of zd−1 is 0. In this case, the equivalence relation ∼ is induced by the
group action of 〈e 2piid−1 〉 on S by e2piip/(d−1) · P : z 7→ e2piip/(d−1)P (e−2piip/(d−1)z).
A.1.2 Connectedness Loci
For a polynomial P , letA∞ denote the attracting basin of infinity, which is connected
by the maximum modulus principle. Then the Julia set of P , J(P ) is equal to the
boundary ∂A∞. Recall the following dichotomy in polynomial dynamics; either
J(P ) is connected or some critical point of P escapes to infinity.
Theorem A.1.1.
Let P : Cˆ→ Cˆ be a polynomial map.
Then exactly one of the following is true. Either
i J(P ) is connected and A∞ is biholomorphic to a disc, or
ii J(P ) has uncountably many connected components and A∞ contains a critical
point of P .
Notice that z is a critical point of P which escapes to infinity if and only if
φ(z) is a critical point of φ ◦ P ◦ φ−1 which escapes to infinity. Therefore if P ∼ Q
then J(P ) is connected if and only if J(Q) is connected.
Definition A.1.2. Let d ∈ Z≥2. We define the degree d connectedness locus, Cd, to
be the set
Cd = {[P ] ∈ polyd | J(P ) is connected. }.
If d = 2 then the map pi : {z2 + c | c ∈ C} → poly2, from the space
of monic centred quadratic polynomials to poly2 is bijective. Since 0 is the uni-
que critical point of z 7→ z2 + c, we can identify C2 with the Mandelbrot set,
M = {c ∈ C | 0 ̸∈ A∞(z2 + c)}.
A.1.3 Local Connectivity
We finish this section with the definition of a space being locally connected. There
are two distinct notions of a topological space X being locally connected at a point
x ∈ X. We will say that X is locally connected at x if there exists a neighbourhood
system of connected sets, N , at x. That is, for any open set U ∋ x there exists
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N ∈ N such that N ⊆ U and each N ∈ N is a neighbourhood of x. We will say
that X is openly locally connected at x if there exists a neighbourhood system of
open connected sets, U , at x.
Although the two notions differ pointwise, they are equivalent over the whole
space as shown by the following lemma.
Lemma A.1.3.
Let X be a topological space.
Then X is locally connected at x for all x ∈ X if and only if X is openly
locally connected at x for all x ∈ X.
A.2 Parabolic Implosion
In this section we give an overview of the theory of parabolic implosion, which is
concerned with the perturbation of parabolic fixed points.
Suppose that f0(z) = z + z2 + O(z3) is a holomorphic map defined on a
neighbourhood of 0 with a simple parabolic fixed point at 0. If we perturb f0 to a
map f then f will, in general, have two fixed points near 0. As show in figure A.1
there are broadly speaking two types of dynamics which can arise. In the first case,
one of the fixed points of f is attracting and orbits under f0 which were attracting
towards 0 are perturbed to orbits under f which are attracted towards this fixed
point. In this case, the dynamics of f are similar to those of f0 and little interesting
behaviour arises.
In the second case, neither fixed point of f is particularly strongly attracting.
Orbits under f0 which were attracted to 0 instead pass through the “gate” between
the two fixed points and out of what was the repelling petal of f0. This can result
is dramatic changes to the global dynamics of the perturbation f compared to f0.
For example, if f0(z) = z2 + 1/4, which has a parabolic fixed point at 1/2 then
K(f0) is connected and J(f0) is a Jordan curve. However, if ϵ > 0 is small then
fϵ(z) = z
2 + 1/4 + ϵ has two complex conjugate repelling fixed points near 1/2
and the orbit of 0 under fϵ passes between them and escapes to infinity. Hence
K(fϵ) = J(fϵ) is a Cantor dust.
We can regain some control of the perturbed dynamics by extending our
notion of Fatou coordinates to produce pseudo-Fatou coordinates for such maps.
Unlike Fatou coordinates, pseudo-Fatou coordinates will only be defined onto a
region containing a vertical strip, rather than a half-plane. Crucially, whilst a version
of the Cylinder Theorem will still hold for perturbed maps, iteration induces a
natural transit isomorphism from C+ to C−.
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*Unperturbed map f0
* *
Case i)
*
*
Case ii)
Figure A.1: A diagram showing perturbations of a map f0 with a simple parabolic
fixed point. In case i), the parabolic fixed point is perturbed into a primarily at-
tracting and a primarily repelling fixed point. In case ii), the two fixed points of the
perturbed map have local dynamics much closer to rotations.
A simplified intuition of parabolic implosion is then the following. Given
a parabolic map f0 and a transit isomorphism φ0 : C+,f0 → C−,f0 , there exists a
sequence of maps fk with fk → f0, such that φk → φ0 where φk is the natural
transit isomorphism of fk. In order of such a statement to be made meaningful we
need to choose normalisations, which induce isomorphisms C±,f → C/Z. We will
also need to know that for fixed k the choice of fk can be made continuously in φ,
for φ in a simply connected neighbourhood of φ0.
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A.2.1 Topology and Normalisation
We begin by defining a topology on which the maps f 7→ Φ˜±,f , sending f to its
pseudo-Fatou coordinates, will be continuous. The domain of definition of Φ˜±,f will
vary will f , so the following topology will prove to be the most convenient.
Definition A.2.1. Let HD denote the set of pairs (D(f), f), where D(f) ⊆ Cˆ is an
open set and f : D(f)→ Cˆ is holomorphic.
Let K ⊂ D(f) be compact and ϵ > 0. Then we define the neighbourhood
NK,ϵ(D(f), f) to be
NK,ϵ(D(f), f) = {(D(g), g) | K ⊂ D(g) and sup
z∈K
d(g(z), f(z)) < ϵ},
where d(., .) is the spherical metric.
The compact-open topology together with the domain of definition is the to-
pology on HD generated by all such neighbourhoods.
Unfortunately this topology is not Hausdorff, as if we have two domains
D(f) ⊂ D′(f) and (D′(f), f) ∈ HD then (D′(f), f) will be contained in any neig-
hbourhood of (D(f), f).
In order to simplify notation, we will often suppress D(f) and refer only to f ,
or f : D(f) → Cˆ. We emphasise, however, that whenever we are working with the
compact-open topology together with the domain of definition that all maps have
an associated domain of definition and that any restriction or extension of a map is
considered to be a different map.
Now, let F denote the set of maps f such that f is a map defined on a
neighbourhood of 0 with f(0) = 0 and f ′(0) ̸= 0. For any f ∈ F we can write
f ′(0) = exp(2piiα(f)), where −12 < ℜ(α(f)) ≤ 12 . Let F1 ⊂ F denote the set
F1 = {f ∈ F | | argα(f)| < pi/4}.
Let σ(f) ∈ D(f) denote the second fixed point of f near 0.
In what follows, it will be necessary to normalise the Fatou coordinates of a
map f0 with a simple parabolic fixed point relative to one another. We normalise
so that
Φ˜+,f0(z)− Φ˜−,f0(z)→ 0 when z → 0
in P+,f0 ∩P−,f0 and ℑ(Φ˜±,f0(z))→ +∞. It then follows that if f0(z) = z+az2+bz3
then
Φ˜+,f0(z)− Φ˜−,f0(z)→ −2pii
(
1− b
a2
)
when z → 0
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in P+,f0 ∩ P−,f0 and ℑ(Φ˜±,f0(z))→ −∞.
A.2.2 Parabolic Implosion in General
The following general statements are propositions 3.2.2 and 3.2.3 from Shishikura
[17]. The first concerns the existence and properties of pseudo-Fatou coordinates.
More explicitly, by property i), suitable domains for the pseudo-Fatou coordinates
exist and property ii) tells us that the coordinates themselves exist.
Property iii) shows that as f → f0, so that α(f) → 0, the time it takes
the travel through the gate tends to infinity, so that the attracting and repelling
pseudo-Fatou coordinates differ more and more. Property iv) gives us the continuity
of the construction. We see both that the pseudo-Fatou coordinates can be chosen
continuously in f and that, with the previous normalisation, the Fatou coordinates
of f0 are limits of the pseudo-Fatou coordinates of f as f → f0. The domains and
maps are illustrated in figure A.2.
Proposition A.2.2.
Let f0 be a holomorphic map defined on a neighbourhood of 0 with a simple parabolic
fixed point at 0.
Then there exists a neighbourhood N0 of f0 (in the topology of definition
A.2.1) such that if f ∈ N0 ∩ F1 then there exist Jordan domains S±,f and analytic
functions Φ˜±,f : S±,f → C such that
i S±,f is bounded by an arc l±,f and its image f(l±,f ), such that l±,f joins the two
fixed points 0 and σ(f) of f , l±,f∩f(l±,f ) = {0, σ(f)} and S+,f∩S−,f = {0, σ(f)}.
ii Φ˜±,f is defined, analytic and injective on a neighbourhood of S±,f \ {0, σ(f)}.
iii If z ∈ S+,f \f(l+,f ) then there exists n ≥ 1 such that f◦n(z) ∈ S−,f \f(l−,f ) and
for the smallest such n
Φ˜−,f (f◦n(z)) = Φ˜+,f (z)− 1
α(f)
+ n.
iv The maps f 7→ Φ˜±,f are continuous. Further, when f → f0 in F1, the sets
S±,f → S±,0 ∪ {0} in the Hausdorff metric and Φ˜±,f → Φ˜±,f0 in the compact-
open topology with the domain of definition.
We denote the translation w 7→ w − 1α(f) by Tf . This second proposition
formalizes our intuition that this translation, which could be considered to satisfy
Φ˜−,f = Tf ◦ Φ˜+,f , corresponds to passing through the gate. Properties i) and ii)
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define the inverse repelling pseudo-Fatou coordinates of f , Ψ˜−,f , and the renorma-
lisation, R˜f , respectively.
Property iii) shows that we can understand the long-term dynamics of f
in terms of the composition Tf ◦ R˜f . Property iv) shows that the construction is
continuous and also the renormalisation could be considered to be the pseudo-horn
map: R˜f → h˜f0 when f → f0.
Proposition A.2.3.
Let f0 be a holomorphic map defined on a neighbourhood of 0 with a simple parabolic
fixed point at 0. Let Ψ˜−,f0 be the inverse repelling Fatou coordinate, which is defined
on a region
Q0 = {w ∈ C | | arg(−w − ζ0)| < 2pi
3
}
for ζ0 ∈ R.
Then there exists a neighbourhood N0 of f0 such that if f ∈ N0 ∩ F1
then there exist real constants ζ0, η0 > 0 and analytic maps Ψ˜−,f : Qf → Cˆ and
R˜f : {w ∈ C | |ℑ(w)| > η0} → C, where
Qf =
{
w ∈ C | | arg(−w − ζ0)| < 2pi
3
and | arg(w + 1
α(f)
− ζ0)| < 2pi
3
}
which satisfy the following:
i Ψ˜−,f (Qf ) ⊆ D(f) and if w,w + 1 ∈ Qf then
Ψ˜−,f (w + 1) = f ◦ Ψ˜−,f .
Ψ˜−,f (w)→ 0 when w ∈ Qf and ℑ(w)→ +∞ and Ψ˜−,f (w)→ σ(f) when w ∈ Qf
and ℑ(w)→ −∞.
ii If |ℑ(w)| > η0 then
R˜f (w + 1) = R˜f (w) + 1.
This difference R˜f (w)−w tends to 0 when ℑ(w)→ +∞ and tends to a constant
when ℑ(w)→ −∞.
iii If w ∈ Qf with |ℑ(w)| > η0 and w′ = Tf ◦ R˜f (w) + n ∈ Qf for some n ∈ Z then
either
f◦n(Ψ˜−,f (w)) = Ψ˜−,f (w′) if n ≥ 0, or f◦−n(Ψ˜−,f (w′)) = Ψ˜−,f (w) if n < 0.
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D(f)
f
S+,f S−,f
D(Φ˜+,f ) D(Φ˜−,f )
Φ˜+,f Φ˜−,f
Tf
C
pi+
C
pi−
φf
Figure A.2: A diagram showing the relationship between the maps in proposition
A.2.2. The lower four maps always commute, φf ◦ pi+ = pi− ◦ Tf . The upper half
commutes up to sufficient iterates of f . That is, Tf ◦ Tn ◦ Φ˜+,f = Φ˜−,f ◦ f◦n for
suitable large n such that both sides are defined.
iv The maps f 7→ Ψ˜−,f and f 7→ R˜f are continuous and if f → f0 in F1 then
Ψ˜−,f → Ψ˜−,f0 and R˜f → h˜f0.
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Then convergence of R˜f is uniform with respect to the Euclidean metric.
A.2.3 Parabolic Implosion in Families
For our application we shall be considering slices of the space of cubic polynomials.
As such, we restrict our existence results to appropriate families of maps. More
explicitly, if G is a family of holomorphic maps and f0 ∈ G has a simple parabolic
fixed point at 0, we shall say that G is locally full at f0 if there exists a neighbourhood
U of 0 and a continuous map A : U → G such that A(0) = f0 and α(A(α)) = α for
all α ∈ U .
Let c ∈ C be a constant. Then if G is locally full at f0 there exists f ∈ N ∩F1
and n ∈ Z such that
c = n− 1
α(f)
.
Moreover, given such an n there exists a sequence fk → f0 such that
c = n+ k − 1
α(fk)
, for all k ∈ Z>0.
Let φ0 : C/Z→ C/Z be the isomorphism induced by translation by c. Then
each of the isomorphisms φfk induced by translation by − 1α(f) is equal to φ0. By
proposition A.2.2 iii), φfk is the natural transit isomorphism associated to the map
fk in terms of the pseudo-Fatou coordinates Φ˜±,fk . Hence since c and thus φ0 was
arbitrary, we see that for any transit isomorphism φ0 : C+,f0 → C−,f0 there exists
a sequence fk → f in F1 ∩ G such that φfk = φ0 in terms of the normalised Fatou
coordinates for all k ∈ Z>0.
By applying the continuity statements of propositions A.2.2 and A.2.3 we
can obtain the following proposition, which we shall directly apply to prove the
main result of this appendix.
Proposition A.2.4.
Let f0 be a holomorphic map with a simple parabolic fixed point at 0 and let G be a
locally full family at f0.
Let Φ˜±,f0 be normalised Fatou coordinates, which induce conformal isomor-
phisms C±,f0 ∼= C/Z. Let C∼=,f0 ∼= C/Z be the space of transit isomorphisms from
C+,f0 to C−,f0.
Then for any continuous map ϕ : D→ C∼=,f0, mapping ζ to an isomorphism
ϕ(ζ) : C/Z → C/Z, there exists a sequence of continuous maps ζ 7→ fk,ζ ∈ G ∩ F1
such that
i for each fixed ζ ∈ D, fk,ζ → f0 as k →∞, and
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ii for each f = fk,ζ , φf : C+,f → C−,f is equal to ϕ(ζ) : C/Z→ C/Z in terms of the
isomorphisms C±,f ∼= C/Z induced by the normalised pseudo-Fatou coordinates
of f .
Further, if ϕ is injective then each of the maps ζ 7→ fk,ζ is injective.
Proof. Let c : D → C be a lift of ϕ, so that the following diagram commutes for
each ζ ∈ D.
C
Tc(ζ) //
pi+,f0

C
pi−,f0

C/Z
ϕ(ζ) // C/Z
Let U be a neighbourhood of 0 and let A : U → G be as in the definition of
a locally full family, such that A(U) ⊆ N0 from proposition A.2.2. Let I : C∗ → C∗
be the inversion z 7→ 1/z. Then, since D and hence c(D) is compact, there exists
k0 ∈ Z>0 such that I ◦ Tk0 ◦ c(D) ⊂ U ∩ {α | | argα| < pi/4}.
Let ζ 7→ fk,ζ be the sequence of maps
ζ 7→ A ◦ I ◦ Tk0+k ◦ c(ζ).
Then for each fixed ζ, fk,ζ → f0 as k →∞ by construction, since I ◦Tk0+k ◦c(ζ)→ 0
and A(0) = f0. Statement ii) is then simply a repeat of our previous discussion.
If ϕ is injective then any lift c of ϕ will also be injective. Translations and
inversion are bijective where defined and A is a right inverse, hence injective. Thus
ζ 7→ fk,ζ is injective for all k.
A.2.4 Lavaurs Maps
We conclude our overview with a brief discussion of Lavaurs maps and enriched
dynamical systems. As we have seen, for a map f ∈ F1 ∩ N0 the translation
Tf : w 7→ w− 1α(f) relates orbits passing into the gate through S+,f to orbits passing
out of the gate through S−,f via the relation
Φ˜−,f (f◦n(z)) = Tn ◦ Tf ◦ Φ˜+,f (z)
for some n large enough. Precomposing by Ψ˜−,f , we have that
f◦n(z) = Ψ˜−,f ◦ Tn ◦ Tf ◦ Φ˜+,f (z).
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If we replace Tf by an arbitrary translation Tc : w 7→ w + c then we can
apply this definition to f0 to obtain a new function, called a Lavaurs map of f0,
gTc : A → Cˆ , gTc = Ψ˜−,f0 ◦ Tc ◦ Φ˜+,f0 .
Tn ◦ Φ˜+,f = Φ˜+,f ◦ f◦n for all n > 0, so we don’t need a Tn term in the definition of
gTc .
As we saw in the proof of proposition A.2.4, if Tc : w 7→ w+ c is any transla-
tion then there exists k0 ∈ Z and a sequence fk → f0 such that Tc = Tk ◦ Tfk
for all k > k0. By propositions A.2.2 and A.2.3, Φ˜+,fk → (Φ˜+,f0 , S+,f0) and
Ψ˜−,fk → (Ψ˜−,f0 , Φ˜−,f0(S−,f0)). We therefore obtain the following proposition.
Proposition A.2.5.
Let f0 be a holomorphic map defined on a neighbourhood of 0 with a simple parabolic
fixed point at 0 and let G ∋ f0 be a locally full family at f0.
Let gT be a Lavaurs map of f0.
Then there exist sequences fk → f0 in G and nk →∞ in Z≥0 such that
Ψ˜−,fk ◦ Tnk ◦ Φ˜+,fk → gT |S+,f0 .
From this definition, we can intuitively think of a Lavaurs map gT as recor-
ding what happens to orbits under f0 after they have taken infinitely many steps to
reach the parabolic fixed point from the attracting side and then passed through it
to the repelling side. We can formalise this with the notion of an enriched dynamical
system (f0, gT ).
Definition A.2.6. Let f0 be a holomorphic map defined on a neighbourhood of 0
with a simple parabolic fixed point at 0. Let gT be a Lavaurs map of f0.
We say that a pair (n,m) ∈ Z2 is admissible if either m = 0 and n ≥ 0
or m > 0. We equip the set of admissible pairs with the lexicographic ordering,
(n,m) < (n′,m′) if and only if m < m′ or m = m′ and n < n′.
For an admissible pair (n,m), we define the function (f0, gT )◦(n,m) by
(f0, gT )
◦(n,m)(z)
f◦n0 ◦ g◦mT (z) if n ≥ 0Ψ˜−,f0 ◦ Tn ◦ T ◦ Φ˜+,f0 ◦ g◦m−1T if m > 0 .
Note that both cases agree when n and m are both greater than 0.
We call this construction an enriched dynamical system.
We shall say that a sequence fk converges to (f0, gT ) if there exists a sequence
nk →∞ in Z such that fk → f0 and f◦nkk → gT as k →∞.
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We can use the dynamics of the enriched dynamical system (f0, gT ) to un-
derstand the dynamics of maps in a sequence fk → (f0, gT ).
We say that a point z0 is a periodic point of (f0, gT ) if there exists an ad-
missible pair (n,m) with m > 0 such that (f0, gT )◦(n,m)(z0) = z0. By continuity, if
fk converges to (f0, gT ) then for all k large enough fk has a periodic point, zk, such
that zk → z0. Further, if z0 is an attracting fixed point of (f0, gT )◦(n,m) then zk is
an attracting periodic point of fk for all k large enough.
Alternatively, suppose that f0 is a polynomial, so that K(f0) is well defi-
ned. Suppose that for some critical point z0 of f0 and some admissible pair (n,m),
(f0, gT )
◦(n,m)(z0) /∈ K(f0). Then there exists a sequence of critical points zk of fk
with zk → z0 as k → ∞, such that for all k large enough f◦nk (zk) → ∞ as n → ∞.
Hence K(fk) is not connected for all k large enough.
A.3 A Comb of Organ Pipes
We are now ready to begin proving that the cubic connectedness locus is not locally
connected. To do so, we shall first consider the family of cubic polynomials
{Pa(z) = z3 + az2 + z},
which have a parabolic fixed point of multiplier 1 at 0. If a ̸= 0 then Pa has a
simple parabolic fixed point, whereas if a = 0 then the parabolic fixed point has
multiplicity 2.
A.3.1 Finding a0
To begin our proof, we need to find a parameter value a0 such that the following
are true:
i There exists a transit isomorphism φ0 such that φ0◦hˆPa0 has two superattracting
fixed points.
ii There exists a homotopically trivial Jordan curve ζ 7→ φζ ∈ C∼=,Pa0 such that for
each ζ ∈ S1, at least one critical value of φζ ◦ hˆPa0 does not lie in Kˆ(Pa0).
If a =
√
3 then Pa has a double critical point, whilst if a ∈ (0,
√
3) then
the two distinct critical points are complex conjugate and Pa is real symmetric.
Therefore if one critical point of Pa lies in the immediate parabolic basin then both
do.
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Consider a real symmetric map f with a parabolic fixed point at 0. By
definition of f being real symmetric, f(z) = f(z). Therefore if zˆ ∈ C±,f and
z, z′ ∈ Φˆ−1±,f (zˆ), so that f◦m(z) = z′, then f◦m(z) = z′ and hence Φˆ±,f (z) = Φˆ±,f (z′).
Thus complex conjugation descends to the cylinders C±,f . We shall use the notation
zˆ to denote Φˆ±,f (Φˆ−1±,f (zˆ)). We define the Ecalle height of a point zˆ ∈ C±,f , H(zˆ),
to be H(zˆ) := d(zˆ, zˆ), where the distance is induced via isomorphism with C/Z.
Returning to our family Pa with a ∈ (0,
√
3], we label the critical values of
hˆPa wˆa,±, where ℑ(φ(wˆa,+)) > ℑ(φ(wˆa,−)) for any isomorphism φ : C+,f → C/Z
induced by a choice of Fatou coordinates. Notice that this labeling is well-defined
even though the values of ℑ(φ(wˆa,±)) vary with the choice of φ. Also notice that
wˆa,± = wˆa,∓ and so H(wˆa,+) = H(wˆa,−).
For a ∈ (0,√3], let
m(a) := inf{H(w) | w ∈ Φˆ−,Pa(J(Pa))}, and
M(a) := sup{H(w) | w ∈ Φˆ−,Pa(J(Pa))}.
We shall find a value a0 ∈ (0,
√
3] for which there exists a transit isomorphism
φ0 sending the critical values of hˆPa0 to critical points of hˆPa0 , so that φ0 ◦ hˆPa0
has two superattracting fixed points. By real symmetry, the existence of such
a transit isomorphism is implied by hˆPa0 having a critical point zˆa0,+ such that
H(zˆa0,+) = H(wˆa0,±).
Lemma A.3.1.
Let Pa be the polynomial Pa(z) = z + az2 + z3.
Then there exists a parameter a0 ∈ (0,
√
3) and a pair of complex conjugate
critical points, zˆa0,±, of hˆPa0 such that H(zˆa0,±) = H(wˆa0,±), and also
m(a0) < H(wˆa0,±) < inf
(
m(a0) +M(a0)
2
,
3
2
m(a0)
)
.
Proof. If we use our normalisation of the Fatou coordinates of Pa from section A.2,
we see that h˜Pa(w)− w → 0 as ℑ(w)→ +∞ and h˜Pa(w)−
(
w − 2pii (1− 1
a2
))→ 0
as ℑ(w)→ −∞. Therefore, hˆ′Pa(+i∞) = 1 and hˆ′Pa(−i∞) = e4pi
2(1−1/a2).
Whilst the values of hˆ′Pa(±i∞) depend on the choice of normalisation, the
product pa = hˆ′Pa(+i∞)hˆ′Pa(−i∞) does not. Further, if φ : C+ → C− is any transit
isomorphism then φ′(+i∞)φ′(−i∞) = 1. Therefore, the product of the multipliers
of the two fixed points of φ ◦ hˆPa at the ends of the cylinders, ρaρa, is independent
of the choice of φ.
In particular, if a ∈ (0,√3] and φ is real symmetric then the two multipliers
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are complex conjugate. Hence ρaρa = e4pi
2(1−1/a2) → 0 as a → 0 in (0,√3]. Thus
for a small enough both ends of C−,Pa are attracting fixed points of φ ◦ hˆPa .
The set of critical points of hˆPa is equal to Φˆ−,Pa(O−∩P−,Pa), whereO− is the
set of pre-critical points of Pa. In particular, the critical points of hˆPa accumulate on
Φˆ−,Pa(J(Pa)). On the other hand, if each of the ends of C−,Pa is an attracting fixed
point then each immediate basin must contain a critical value of hˆPa . Therefore if
a is small enough then there exist critical points zˆa,± such that
m(a) < H(zˆa,±) < H(wˆa,±).
On the other hand, P√3 has a unique critical point. Therefore hˆP√3 has a
unique critical value and so H(wˆ√3,±) = 0. By continuity of all functions in a, we
can apply the intermediate value theorem to conclude that there exists a0 such that
H(zˆa0,±) = H(wˆa0,±). Further, since critical point accumulate on Φˆ−,Pa(J(Pa)) and
this is not a pair of round circles we can choose zˆa0,± to satisfy
H(zˆa0,±) < inf
(
m(a0) +M(a0)
2
,
3
2
m(a0)
)
as required.
As with the critical values, we label zˆa0,± such that ℑ(zˆa0,+) > ℑ(zˆa0,−).
Now, let φ0 : C+,Pa0 → C−,Pa0 be the transit isomorphism which maps wˆa0,+ to zˆa0,+.
Then φ0 also maps wˆa0,− to zˆa0,−. Therefore φ0 ◦ hˆPa0 has two superattracting fixed
points.
We have shown that our first requirement on the choice of a0 is satisfied. It
remains to check the second.
Lemma A.3.2.
Let a0 and Pa0 be as in lemma A.3.1 and let φ0 be as above.
Then there exists a homotopically trivial Jordan curve Γ : S1 → C∼=,Pa0 ,
Γ : ζ 7→ φζ , such that for each ζ ∈ S1 at least one of φζ(wˆa0,±) /∈ Kˆ(Pa0).
See Figure A.3. By our choice of a0, there exists zˆ0 ∈ C−,Pa0 \ Kˆ(Pa0) such that
2H(zˆa0,+)−m(a) < H(zˆ0) < 2m(a).
Since Pa0 is real symmetric, z ∈ K(Pa0) if and only if z ∈ K(Pa0), which implies
that zˆ0 ∈ C−,Pa0 \ Kˆ(Pa0).
Let zˆ 1
4
= zˆ0 + zˆa0,+ − zˆa0,−. Then H(zˆ 1
4
) = 2H(zˆa0,+) −H(zˆ0) < m(a) and
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so zˆ 1
4
∈ C−,f \ Kˆ(Pa0). Since Pa0 is a polynomial, C−,f \ Kˆ(Pa0) is connected hence
path connected. Let γ : S1 → C−,f be a curve defined piecewise such that
• γ(1) = zˆ0 and γ(i) = zˆ 1
4
,
• if t ∈ [0, 14 ] then γ(e2piit) ∈ C−,Pa0 \ Kˆ(Pa0),
• if t ∈ [14 , 12 ] then γ(e2piit) = zˆ 14 + 4t,
• if t ∈ [12 , 34 ] then γ(e2piit) = γ(e2pii(
3
4
−t)), and
• if t ∈ [34 ] then γ(e2piit) = zˆ0 − 4t.
Then γ is a homotopically trivial curve winding once around zˆa0,+.
Let Γ˜ : S1 → C∼=,Pa0 , denoted Γ˜ : ζ 7→ Γ˜ζ , be the curve which satisfies
Γ˜ζ(wˆa0,+) = γ(ζ) for all ζ ∈ S1. By construction, if t ∈ [14 , 12 ] then it follows
that H(Γ˜e2piit(wˆa0,+)) = H(zˆ 1
4
) < m(a) and so Γ˜ζ(wˆa0,+) ∈ C−,Pa0 \ Kˆ(Pa0). On
the other hand, Γ˜1(wˆa0,−) = zˆa0,− + zˆ0 − zˆa0,+ = (zˆ0 + zˆa0,+ − zˆa0,−) = zˆ 1
4
and so
H(Γ˜1(wˆa0,−)) = H(zˆ 1
4
) < m(a). Therefore if t ∈ [34 , 1] then H(Γ˜e2piit(wˆa0,−) < m(a)
and so Γ˜e2piit(wˆa0,−) ∈ C−,Pa0 \ Kˆ(Pa0).
Thus for all ζ ∈ S1 we have that either Γ˜ζ(wˆa0,+) ∈ C−,Pa0 \ Kˆ(Pa0) or
Γ˜ζ(wˆa0,−) ∈ C−,Pa0 \ Kˆ(Pa0). By construction, Γ˜ is homotopically trivial and winds
once around φ0. To complete the proof, we observe that C−,Pa0 \ Kˆ(Pa0) is open,
hence {φ ∈ C∼=,Pa0 | φ(wˆa0,s) ∈ C−,Pa0 \ Kˆ(Pa0) for some s ∈ {±}} is open and so we
can perturb Γ˜ to a Jordan curve Γ : S1 → C∼=,fa0 as in the statement.
A.3.2 The Parameter Slice is not Locally Connected
Let ζ 7→ φζ be a continuous injective map from D to C∼=,P0 such that the restriction
to {0} ∪ S1 agrees with our previous definition of φ0 and lemma A.3.2. Let ζ 7→ τζ
be a lift to the space of translations of C, so that pi−,P0 ◦ τζ = φζ ◦ pi+,P0 for all ζ.
We now consider enriched dynamical systems (Pa0 , gτζ ). Let za0,± be the criti-
cal points of Pa0 such that Φˆ+,Pa0 (za0,±) = wˆa0,±. Then since φ0◦hˆPa0 (zˆa0,±) = zˆa0,±
if follows that if Ψ˜−,Pa0 (w) = za0,± then τ0 ◦ h˜Pa0 (w) = w − n for some n ∈ Z.
Since h˜f (w) = Φ˜+,Pa0 (za0,±) we have that Ψ˜−,Pa0 ◦ Tn ◦ τ0 ◦ Φ˜+,Pa0 (za0,±) = za0,±.
Thus (Pa0 , gτ0)◦(n,1)(za0 ,±) = za0,± and so za0,± is an attracting periodic point of
(Pa0 , gτ0). Therefore, by our previous discussion we see that if Pk → (Pa0 , gτ0) then
for all k large enough Pk has a pair of attracting periodic points zk,± such that
zk,± → za0,± as k →∞.
On the other hand, if ζ ∈ S1 then φζ ◦ hˆPa0 (zˆa0,s) /∈ Kˆ(Pa0) for some s ∈ {±}.
Therefore if Ψ˜−,Pa0 (w) = za0,s then τζ◦h˜Pa0 (w) /∈ K˜(Pa0), hence gτζ (za0,s) /∈ K(Pa0).
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Then again by our previous discussion we see that if Pk → (Pa0 , gτζ ) then for all k
large enough K(Pk) and J(Pk) are not connected.
By applying proposition A.2.4 we obtain the following result.
Proposition A.3.3.
For a ∈ C, let Sa ⊂ Poly3 be the slice
Sa = {λz + az2 + z3 | λ ∈ C}.
Let C3,a ⊂ Sa denote the connectedness locus of Sa, so
C3,a = {P ∈ Sa | J(P ) is connected }.
Then C3,a0 is not locally connected.
Proof. Let ζ 7→ φζ be as above, so that φ0 ◦ hˆPa0 (zˆa0,±) = zˆa0,± and for all ζ ∈ S1
there exists s ∈ {±} such that φζ ◦ hˆPa0 (zˆa0,s) /∈ Kˆ(Pa0).
The family Sa0 is locally full at Pa0 . Hence by proposition A.2.4 there exists
a sequence of continuous injective maps ζ 7→ Pk,ζ such that
i for each fixed ζ ∈ D, Pk,ζ → Pa0 as k →∞, and
ii for each P = Pk,ζ , φP : C+,P → C−,P is equal to φζ in terms of the isomorphisms
C±,P ∼= C/Z induced by the normalised pseudo-Fatou coordinates of P .
By the previous discussion, for all k large enough Pk,0 has a pair of distinct
attracting cycles. Hence, since Pk,0 is a cubic polynomial and so has only two critical
points, J(Pk,0) is connected for all k large enough.
On the other hand, again by our previous discussion we see that for each
ζ ∈ S1 there exists kζ such that for all k > kζ , J(Pk,ζ) is not connected. Furthermore,
C3,a0 is closed, hence {ζ ∈ S1 | J(Pk,ζ) is not connected } is open for all k. Therefore
by compactness of S1 there exists k0 such that for all k > k0 and all ζ ∈ S1, J(Pk,ζ)
is not connected. We can take a maximum to assume without loss of generality that
for all k > k0, J(Pk,0) is connected.
Thus for all k, k′ > k0, Pk,0 ∈ C3,a0 is separated from Pk′,0 by the Jordan
curves ζ 7→ Pk,ζ ∈ Sa0 \ C3,a0 and ζ 7→ Pk′,ζ ∈ Sa0 \ C3,a0 defined on S1 ⊂ D. Since
Pk,0 → Pa0 as k → ∞ any neighbourhood of Pa0 must contain multiple Pk,0’s and
hence C3,a0 is not locally connected at Pa0 , hence is not locally connected.
By extending our construction to a small neighbourhood K of a0 we can
show that the full set is not locally connected at a0. Notice that this does not
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**
×
×
{H(zˆ) = 0}
m(a0)
H(zˆa0,+)
2H(zˆa0,+)−m(a)
zˆ0
zˆ 1
4
γ(S1)
γ(S1)− (zˆa0,+ − zˆa0,−)
Kˆ(Pa0)
zˆa0,+
zˆa0,−
Figure A.3: A diagram illustrating the proof of proposition A.3.3. The transit
isomorphism φ0 sends the critical values wˆa0,± of hˆPa0 to the critical points zˆa0,±.
If ζ ∈ S1 then φζ maps wˆa0,+ to γ(ζ) and wˆa0,− to γ(ζ) − (zˆa0,+ − zˆa0,−). For all
ζ ∈ S1, at least one of these points lies in C−,Pa0 \ Kˆ(Pa0).
simply follow from each individual slice C3,a not being locally connected at Pa for
a in a neighbourhood of a0. We need to extend our maps ζ 7→ Pk,ζ = Pk,a0,ζ to
injective maps (a, ζ) 7→ Pk,a,ζ in order to show that the surfaces {Pk,a,0 | a ∈ K} are
separated from one another by hypercylinders {Pk,a,ζ | a ∈ K and ζ ∈ S1}.
Proposition A.3.4.
Let S be the space {λz+ az2+ z3 = Pa,λ} and let C˜3 ⊂ S be the connectedness locus
C˜3 = {Pa,λ | J(Pa,λ) is connected. }.
Then C˜3 is not locally connected.
80
Proof. First, note that since zˆa0,± are fixed points of φ0◦ hˆPa0 of multiplier not equal
to 1 and hˆPa varies continuously in a, there exist continuous maps a 7→ zˆa,± sending
a to a fixed point zˆa,± of φ0 ◦ hˆPa . Further, (φ0 ◦ hˆPa)′(zˆa,±) is continuous in a.
Therefore there exists a neighbourhood U0 of a0 such that zˆa,± are both attracting
fixed points of φ0 ◦ hˆPa for all a ∈ U0.
On the other hand, if ζ ∈ S1 then it follows from continuity that for all
n ∈ Z≥0, a 7→ P ◦na ◦ gτζ (za,±) is continuous, where za,± are the critical points
of Pa and gτζ is the Lavaurs map of Pa corresponding to τζ . In particular, since
P ◦na0 ◦gτζ (za0,s)→∞ as n→∞ for some s ∈ {±}, there exists a neighbourhood Uζ of
a0 such that for all a ∈ Uζ , P ◦na ◦gτζ (za,s)→∞ as n→∞. Further, by the continuity
of gτζ in ζ and the compactness of S1, there exists an open neighbourhood US1 such
that for all ζ ∈ S1 and a ∈ US1 there exists s ∈ {±} such that P ◦na ◦ gτζ (za,s) →∞
as n→∞.
Let K ⊂ U0 ∩ US1 be a compact neighbourhood of a0 homeomorphic to D
and consider the map F : K × {|ℜ(α)| < 1/2} → S given by
F : (a, α) 7→ e2piiαz + az2 = z3.
We now extend our constructions from the proof of proposition A.2.4. Let
ζ 7→ τζ be a lift of ζ 7→ φζ to the space of translations. Let k0 ∈ Z be large enough
that | arg(τζ(0) + k0)| < pi/4 for all ζ ∈ D. We define a sequence of continuous
injective maps K × D→ S given by
(a, ζ) 7→ F
(
a,− 1
τζ(0) + k0 + k
)
=: Pk,a,ζ .
For fixed (a, ζ) we have that Pk,a,ζ → (Pa, gτζ ) as k → ∞. Then as before,
for all a ∈ K there exists ka,0 such that for all k > ka,0, Pk,a,0 has a pair of distinct
attracting cycles and so J(Pk,a,0) is connected. Also, for all a ∈ K and ζ ∈ S1 there
exists s ∈ {±} and ka,ζ such that for all k > ka,ζ , P ◦nk,a,ζ(za,s) → ∞ as n → ∞, so
J(Pk,a,0) is not connected.
Further, the two sets {a ∈ K | Pk,a,0 has two distinct attracting cycles. }
and {(a, ζ) ∈ K × S1 | J(Pk,a,ζ) is not connected. } are open for all k. Hence by
compactness there exists κ0 such that for all k > κ0 and all a ∈ K, J(Pk,a,0) is
connected but J(Pk,a,ζ) is not connected for all ζ ∈ S1.
Thus for all k, k′ > κ0, we see that the connectedness locus C˜3 ⊂ S contains
the surfaces {Pk,a,0 | a ∈ K} and {Pk′,a,0 | a ∈ K}. These are separated from one
another by the sets {Pk,a,ζ | a ∈ K and ζ ∈ S1} and {Pk′,a,ζ | a ∈ K and ζ ∈ S1},
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each of which is homeomorphic to the hypercylinder S1 × D.
Since the sets {Pk,a,0 | a ∈ K} accumulate on {Pa | a ∈ K}, we have show
that C˜3 is not locally connected at Pa0 .
We are almost ready to prove the main theorem. It remains to check that
our comb of organ pipes constructed above does not collapse under the quotient
map pi : S → poly3. Our choice of family S ensures that this is not the case, as the
following lemma shows.
Lemma A.3.5.
Let S = {λz + az2 + z3 = Pa,λ ∈ Poly3 | a, λ ∈ C}. Let a1 ∈ C∗.
Then there exist neighbourhoods K of a1 and N of 1 such that if
C = {Pa,λ ∈ S | a ∈ K and λ ∈ ({1} ∪ {e2piiα | | argα| < pi/4}) ∩N}
then the projection pi : C → poly3 is injective.
That is, each P ∈ C is a unique affine conjugacy class representative.
Proof. Suppose that P,Q ∈ S and that ψ is an affine conjugacy from P to Q. Then
ψ must map fixed points of P to fixed points of Q. In particular, if P,Q ∈ C then ψ
must map a fixed point of P with multiplier in ({1} ∪ {e2piiα | | argα| < pi/4}) ∩N
to the fixed point 0 of Q. We first show that if K and N are small enough then 0
is the only such fixed point of P .
Recall that the residue fixed point index of a holomorphic map f at a fixed
point z0 is defined to be
ı(f, z0) =
1
2pii
∮
dz
z − f(z) ,
integrating around a positively oriented loop winding once around z0 and around
no other fixed points of f .
If γ is a fixed positively oriented loop then f 7→ 12pii
∮
γ
dz
z−f(z) is continuous
on a neighbourhood of f . Thus, if U is an open set then
f 7→
∑
f(z)=z∈U
ı(f, z)
is continuous on a neighbourhood of f .
If z0 is a fixed point of f of multiplier λ ̸= 1 then ı(f, z0) = 11−λ , whilst if z0 is
a parabolic fixed point of f locally conjugate to (z 7→ z+azn+1+bz2n+1+O(z2n+1), 0)
then ı(f, z0) = ba2 . Finally, recall that if f is a polynomial then by the Rational Fixed
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Point Theorem, ∑
f(z)=z
ı(f, z) = 0.
Returning to our family of maps, we see that if a ̸= 0 then ı(Pa,1, 0) = 1a2 ,
whilst the other fixed point not equal to 0 has residue index − 1
a2
. For the maps
Pa,λ = (z 7→ λz + az2 + z3) ∈ C, let λσ(Pa,λ) = P ′a,λ(σ(Pa,λ)) be the multiplier of
the other fixed point of Pa,λ near 0. Then we have that
1
1− λ +
1
1− λσ(Pa,λ) →
1
a2
as λ→ 1.
Letting λ = e2piiα(a,λ) and λσ(Pa,λ) = e2piiβ(a,λ), choosing α and β such that
−1/2 < ℜ(α),ℜ(β) ≤ 1/2, we see that
1
1− λ ∼
−1
2piiα
and 1
1− λσ ∼
−1
2piiβ
as λ→ 1, so α, β → 0.
Thus −1
2piiα
+
−1
2piiβ
→ 1
a2
as α, β → 0.
| arg(α)| < pi/4, so pi4 < −12piiα < 3pi4 and hence ℑ( −12piiα) → +∞ as α → 0.
Thus ℑ( −12piiβ ) → −∞ as β → 0, hence | arg(β)| > 3pi/4. Therefore there exists
a neighbourhood K ′ of a0 and N of 1 such that if P,Q ∈ C and ψ is an affine
conjugacy from P to Q then ψ fixes 0.
The coefficient of z3 on all P ∈ S is 1. Hence (ψ′(0))2 = 1 and so either
ψ = Id or ψ : z 7→ −z. The latter conjugates Pa,λ to P−a,λ. Hence if K is
small enough then each P ∈ C is a unique conjugacy class representative and so
pi : C → poly3 is injective.
Theorem A.3.6.
Let C3 ⊂ poly3 be the cubic connectedness locus.
Then C3 is not locally connected.
Proof. By proposition A.3.4, C˜3 is not locally connected at Pa0 . LetK,N and C ⊂ S
be as in lemma A.3.5.
Let (a, ζ) 7→ Pk,a,ζ be the maps from proposition A.3.4, so that for all k
large enough J(Pk,a,0) is connected by J(Pk,a,ζ) is not connected for all a ∈ K,
ζ ∈ S1. Let U ⊂ poly3 be a small neighbourhood of [Pa0 ]. We can assume that U is
small enough that if U˜ ⊂ pi−1(U) is the connected component containing Pa0 then
{a | Pa,λ ∈ U˜ for some λ ∈ C} ⊂ K and {λ | Pa,λ ∈ U˜ for some a ∈ C} ⊂ N .
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Let C˚ denote the interior of C. Then by lemma A.3.5, pi : U˜ ∩ C˚ → U is a
homeomorphism onto its image. Thus for all k ̸= k′ the sets {[Pk,a,0] | a ∈ K} ∩ U
and {[Pk′,a,0] | a ∈ K} are separated from one another by the ‘organ pipe’ sets
{[Pk,a,ζ ] | a ∈ K and ζ ∈ S1} and {[Pk′,a,ζ ] | a ∈ K and ζ ∈ S1}. For all k large
enough, {[Pk,a,0] | a ∈ K} ⊂ C3 but {[Pk,a,ζ ] | a ∈ K and ζ ∈ S1} ∩ C3 = ∅. Hence
C3 ∩ U is not connected.
Since U ∋ [Pa0 ] was arbitrary, C3 is not locally connected at [Pa0 ] and hence
is not locally connected.
We conclude this appendix by showing some renderings of relevant parameter
spaces and Julia sets, which were produced using Ultra Fractal (https://www.ultrafractal.com/).
Figure A.4: The connectedness locus in the simple parabolic parameter space
{z + az2 + z3 | a ∈ C}. Parameters in the two left and right ’wings’ give rise
to maps for which both critical points lie in the immediate basin of the parabolic
fixed point, whilst those in the regions that resemble deformed Mandelbrot sets give
rise to maps with one attracting cycle. a0 lies in the right wing.
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Figure A.5: The connectedness locus in the parameter slice S1.05. The parameter
λ = 1 is circled in grey. The comb intersects this slice in the ‘valley’ near λ = 1.
The next figure shows a highly zoomed view of this valley.
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Figure A.6: A zoomed in view showing the repeating structure near λ = 1. Each
repeated unit corresponds to a different lift from C∼=,P1.05 . More precisely, this figure
is centred on λ = 0.99999583752748095 + 0.0029648654950769685i and magnified
about 300, 000 times relative to figure A.5.
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Figure A.7: A zoomed in picture of one of the repeated units. The lens-shaped region
in the lower centre between two Mandelbrot-like sets contains Pk,0. A possible
path t 7→ Pk,e2piit has been drawn in grey, which clearly separates the successive
units except possibly that the four regions where they nearly touch. There is no
significance to the different shades of grey on the path, they are purely to help
visibility. The bottom left such region has been circled, and the next figure shows a
highly zoomed image of this region.
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Figure A.8: A further zoom in on the region where the two units almost touch
showing that there is a gap between them, with the curve from figure A.7 drawn in.
Thus we see that we can indeed find a sequence of Jordan curves converging to P1.05
in S1.05\C3,1.05, each of which bounds a different subset of C3,1.05. More precisely, this
image is centred at λ = 0.9999955463215048889095 + 0.00296483693096986889546i
and magnified about 100, 000 times from figure A.7.
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Figure A.9: The Julia set of P1.05,1.
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Figure A.10: The Julia set of Pk,1.05,0. Notice the two distinct high-period attracting
cycles, which correspond to the two attracting fixed points of φ0 ◦ hˆP1.05 .
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Figure A.11: The Julia set of a possible choice of Pk,1.05,1. By our choice of zˆ1.05,1,
both critical points of Pk,1.05,1 escape and so the Julia set is a Cantor dust.
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Figure A.12: A nearby Julia set of a polynomial with an attracting fixed point. This
corresponds to a transit isomorphism φ such that φ ◦ hˆP1.05 has an attracting fixed
point at one of the ends, ±i∞. From our proof it is not a priori the case that there
exists a ζ such that φζ is such a transit isomorphism.
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